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Abstract
This paper presents an integer decomposition method. The method
first writes an integer as a polynomial with 2 as variable that its coef-
ficients are zero or one. Then, suppose that an integer is decomposed
into product of such two polynomials that their orders are greater than
one. By comparing the coefficients of two side, we obtain a system of
the multivariate quadratic equations. Therefore, the integer decomposi-
tion problem is transformed into the problem of solving a system of the
multivariate quadratic equations. Furthermore, solving a system of the
quadratic equations is reduced to solving a system of the linear equations.
The method of solving the system of linear equations is given. The num-
ber of operations of solving the system of the linear equations in addition,
subtraction, multiplication and division is estimated.
1 Introduction
Integer decomposition is closely related to many famous problems, such as P and
NP problem, and RSA cryptosystem cryptography design and decryption([1-2]).
To break down the RSA cryptosystem is to decompose a large integer M
into the product of two prime numbers, i.e
M = pq
where p and q are two prime numbers.
The decomposition of an integers into the product of some primes is a fun-
damental problem in number theory([3-4]). How to decompose an integer into
the product of primes is difficult problem([5]). There are several integer decom-
position methods, such as short division, Chinese phase reduction algorithm
and so on([6]). However, existing methods are still difficult to decompose large
numbers.
In this paper, a new method of an integer decomposition is proposed. The
method proposed in this paper is to transform integer decomposition problem
into solving a system of the linear equations.
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2 A New Method of integer decomposition
Let M be an odd number, its binary representation is as follows
M = 2N +
N−1∑
i=1
γi2
i + 1 (1)
where γi = 1 or 0 (i = 1, 2, · · · , N − 1). Suppose M has the following decompo-
sition
M = 2N +
N−1∑
i=1
γi2
i + 1 =
(
m∑
i=0
αi2
i
)
 n∑
j=0
βj2
j

 (2)
where α0 = β0 = αm = βn = 1, αi = 1 or 0 (i = 1, 2, · · · ,m− 1) and βj = 1 or 0
(j = 1, 2, · · · , n−1). The question now is how to determine αi(i = 1, 2, · · · ,m−1)
and βj(j = 1, 2, · · · , n − 1). Next, we will derive the equations that they must
satisfy. Without loss of generality, we always assume that m ≤ n. In the
subsequent derivation, we will use the binary representations of m. Suppose its
binary representation is as follows
m = 2k0 +
k0−1∑
i=0
εi2
i
where k0 is a positive integer, and εi = 0 or 0, i = 0, 1, · · · , k − 1.
Expanding the right hand side of (2) yields
2N +
N−1∑
i=1
γi2
i + 1 =
m+n∑
k=0

 ∑
i+j=k
αiβj

 2k
which can written as
2N +
N−1∑
i=1
γi2
i + 1 = αmβn2
m+n + (αm−1βn + αmβn−1)2
m+n−1
+
m+n−2∑
j=n+1
(αj−nβn +
m−1∑
i=j−n+1
αiβj−i + αmβj−m)2
j
+
n∑
j=m
(α0βj +
m−1∑
i=1
αiβj−i + αmβj−m)2
j
+
m−1∑
j=2
(α0βj +
j−1∑
i=1
αiβj−i + αjβ0)2
j
+ (α0β1 + α1β0)2 + α0β0
(3)
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Substituting α0 = β0 = αm = βn = 1 into the above equation yields
2N +
N−1∑
i=1
γi2
i + 1 = 2m+n
+ (αm−1 + βn−1)2
m+n−1
+
m+n−2∑
j=n+1
(αj−n +
m−1∑
i=j−n+1
αiβj−i + βj−m)2
j
+ (1 +
m−1∑
i=1
αiβn−i + βn−m)2
n
+
n−1∑
j=m+1
(βj +
m−1∑
i=1
αiβj−i + βj−m)2
j
+ (βm +
m−1∑
i=1
αiβm−i + 1)2
m
+
m−1∑
j=2
(βj +
j−1∑
i=1
αiβj−i + αj)2
j
+ (β1 + α1)2
+ 1
(4)
From (4), we can see that m and n must satisfy certain restrictions. They
will be given in the following theorem.
Theorem 1. Suppose that
M =
(
2m +
m−1∑
i=1
αi2
i + 1
)
2n + n−1∑
j=1
βj2
j + 1

 (5)
then m+ n = N − 1 or m+ n = N , where αi = 1 or 0 (i = 1, 2, · · · ,m− 1) and
βj = 1 or 0 (j = 1, 2, · · · , n− 1).
Proof. By (5), it is clear that
2m+n < M < 2m+n+2 (6)
By (1) and (6), we obtain
m+ n < N + 1 m+ n+ 2 > N
which implies that
N − 2 < m+ n < N + 1
Since m and n are integers, we have
N − 1 ≤ m+ n ≤ N
Thus, we find that m+ n = N − 1 or m+ n = N .
The following two examples illustrate the possibility of both cases in Theo-
rem 1.
Example 1. 25 + 23 + 22 + 1 = (2 + 1)(23 + 22 + 2 + 1). In this identity,
m = 1, n = 3 and N = 5, thus, m+ n = N − 1.
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Example 2. 24+23+2+1 = (2+1)(23+1). In this identity, m = 1, n = 3
and N = 4, thus, m+ n = N .
Corollary 1. If
2N + 2k +
k−1∑
i=1
γi2
i + 1 =
(
2m +
m−1∑
i=1
αi2
i + 1
)
2n + n−1∑
j=1
βj2
j + 1


and k ≤ N2 , then m+ n = N − 1.
Proof. By (4), we get
2N + 2k +
k−1∑
i=1
γi2
i + 1 ≥ 2m+n + 2m + 2n ≥ 2m+n + 2
√
2m+n (7)
If m+ n = N , by (7), we have
2N + 2k +
k−1∑
i=1
γi2
i + 1 ≥ 2N + 2N2 +1 (8)
Using k ≤ N2 , we find that
2N + 2k +
k−1∑
i=1
γi2
i + 1 ≤ 2N + 2k+1 − 1 < 2N + 2N2 +1 (9)
(8) is contradiction with (9). By Theorem 1, we get m+ n = N − 1.
Next, the key is to derive the algebraic equations to be satisfied by αi(i =
1, 2, · · · ,m − 1) and βj(j = 1, 2, · · · , n − 1). Once such equations are derived,
the integer decomposition problem is transformed into solving a system of the
algebraic equations.
It is clear that (4) can be written as
2N−1 +
N−2∑
i=3
γi2
i−1 + γ22 + γ1
= 2m+n−1
+ (αm−1 + βn−1)2
m+n−2
+
m+n−2∑
j=n+1
(αj−n +
m−1∑
i=j−n+1
αiβj−i + βj−m)2
j−1
+ (1 +
m−1∑
i=1
αiβn−i + βn−m)2
n−1
+
n−1∑
j=m+1
(βj +
m−1∑
i=1
αiβj−i + βj−m)2
j−1
+ (βm +
m−1∑
i=1
αiβm−i + 1)2
m−1
+
m−1∑
j=3
(βj +
j−1∑
i=1
αiβj−i + αj)2
j−1
+ (β2 + α1β1 + α2)2
+ β1 + α1
(10)
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Notice that the value of β1 + α1 can only be one of 0, 1 and 2, so β1 + α1 can
be expressed as
β1 + α1 = γ
0
1 + γ
1
12 (11)
where γ01 = 0 or 1 and γ
1
1 = 0 or 1. Because of 0 ≤ β1 + α1 ≤ 2, we have
γ01γ
1
1 = 0, which is called a constraint. Substituting (11) into (10) yields
2N−1 +
N−2∑
i=3
γi2
i−1 + γ22 + γ1
= 2m+n−1
+ (αm−1 + βn−1)2
m+n−2
+
m+n−2∑
j=n+1
(αj−n +
m−1∑
i=j−n+1
αiβj−i + βj−m)2
j−1
+ (1 +
m−1∑
i=1
αiβn−i + βn−m)2
n−1
+
n−1∑
j=m+1
(βj +
m−1∑
i=1
αiβj−i + βj−m)2
j−1
+ (βm +
m−1∑
i=1
αiβm−i + 1)2
m−1
+
m−1∑
j=3
(βj +
j−1∑
i=1
αiβj−i + αj)2
j−1
+ (β2 + α1β1 + α2 + γ
1
1)2
+ γ01
(12)
In the above equation, except for the last term on both sides, all the other term
can be divided by 2, so we have γ01 = γ1. Substituting γ
0
1 = γ1 into (11) yields
β1 + α1 = γ1 + γ
1
12 (13)
By (13), (12) can be written as
2N−2 +
N−2∑
i=4
γi2
i−2 + γ32 + γ2
= 2m+n−2
+ (αm−1 + βn−1)2
m+n−3
+
m+n−2∑
j=n+1
(αj−n +
m−1∑
i=j−n+1
αiβj−i + βj−m)2
j−2
+ (1 +
m−1∑
i=1
αiβn−i + βn−m)2
n−2
+
n−1∑
j=m+1
(βj +
m−1∑
i=1
αiβj−i + βj−m)2
j−2
+ (βm +
m−1∑
i=1
αiβm−i + 1)2
m−2
+
m−1∑
j=4
(βj +
j−1∑
i=1
αiβj−i + αj)2
j−2
+ (β3 +
2∑
i=1
αiβ3−i + α3)2
+ (β2 + α1β1 + α2 + γ
1
1)
(14)
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Similarly, because the value of β2 + α1β1 + α2 + γ
1
1 can only be one of 0, 1, 2,
3 and 4, by (14), we have
β2 + α1β1 + α2 + γ
1
1 = γ2 + γ
2
12 + γ
2
22
2
where γ2γ
2
2 = γ
2
1γ
2
2 = 0. For the sake of unity, we will write the above equation
as follows
β2 +
1∑
i=1
αiβ2−i + α2 +
1∑
k=1
γ2−kk = γ2 +
2∑
j=1
γ2j 2
j (15)
Continuing the this process, we get
β3 +
2∑
i=1
αiβ3−i + α3 +
1∑
k=1
γ3−kk = γ3 +
2∑
j=1
γ3j 2
j (16)
where γ31γ
3
2 = 0.
From the above deduction process, we can see that each derived equation
is accompanied by corresponding constrains. In fact, these constrains do not
necessarily apply to solving equations. Therefore, the constrains are no longer
written in subsequent derivation process.
Continuing the above process, we obtain

β4 +
3∑
i=1
αiβ4−i + α4 +
2∑
k=1
γ4−kk = γ4 +
2∑
j=1
γ4j 2
j
β5 +
4∑
i=1
αiβ5−i + α5 +
2∑
k=1
γ5−kk = γ5 +
3∑
j=1
γ5j 2
j
β6 +
5∑
i=1
αiβ6−i + α6 +
2∑
k=1
γ6−kk = γ6 +
3∑
j=1
γ6j 2
j
β7 +
6∑
i=1
αiβ7−i + α7 +
2∑
k=1
γ7−kk = γ7 +
3∑
j=1
γ7j 2
j
(17)
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

β8 +
7∑
i=1
αiβ8−i + α8 +
3∑
k=1
γ8−kk = γ8 +
3∑
j=1
γ8j 2
j
β9 +
8∑
i=1
αiβ9−i + α9 +
3∑
k=1
γ9−kk = γ9 +
3∑
j=1
γ9j 2
j
β10 +
9∑
i=1
αiβ10−i + α10 +
3∑
k=1
γ10−kk = γ10 +
3∑
j=1
γ10j 2
j
β11 +
10∑
i=1
αiβ11−i + α11 +
3∑
k=1
γ11−kk = γ11 +
3∑
j=1
γ11j 2
j
β12 +
11∑
i=1
αiβ12−i + α12 +
3∑
k=1
γ12−kk = γ12 +
4∑
j=1
γ12j 2
j
β13 +
12∑
i=1
αiβ13−i + α13 +
3∑
k=1
γ13−kk = γ13 +
4∑
j=1
γ13j 2
j
β14 +
13∑
i=1
αiβ14−i + α14 +
3∑
k=1
γ14−kk = γ14 +
4∑
j=1
γ14j 2
j
β15 +
14∑
i=1
αiβ15−i + α15 +
3∑
k=1
γ15−kk = γ15 +
4∑
j=1
γ15j 2
j
(18)
In general, for any positive integer k (with 1 ≤ k < k0), we have

βj +
j−1∑
i=1
αiβj−i + αj + djk = γj +
k∑
i=1
γ
j
i 2
i 2k ≤ j < 2k+1 − k
βj +
j−1∑
i=1
αiβj−i + αj + djk = γj +
k+1∑
i=1
γ
j
i 2
i 2k+1 − k ≤ j < 2k+1
(19)
where djk =
k∑
i=1
γ
j−i
i .
Noting that m < 2k0+1, there are two possibilities.
Case I. If m < 2k0+1 − k0, we find that

βj +
j−1∑
i=1
αiβj−i + αj + djk0 = γj +
k0∑
i=1
γ
j
i 2
i 2k0 ≤ j < m
βm +
m−1∑
i=1
αiβm−i + 1 + dmk0 = γm +
k0∑
i=1
γmi 2
i
(20)
where djk0 =
k0∑
i=1
γ
j−i
i and dmk0 =
k0∑
i=1
γm−ii .
From (4), we can see that the coefficient before 2j has m + 1 terms if m ≤
j ≤ n, and the coefficient of 2j is less a term than that of 2j−1 if j > n. Thus,
we get

βj +
m−1∑
i=1
αiβj−i + βj−m + djk0 = γj +
k0∑
i=1
γ
j
i 2
i m < j < n
1 +
m−1∑
i=1
αiβn−i + βn−m + dnk0 = γn +
k0∑
i=1
γni 2
i
αj−n +
m−1∑
i=j−n+1
αiβj−i + βj−m + djk0 = γj +
k0∑
i=1
γ
j
i 2
i j > n
(21)
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By (13), (19), (20) and (21), we have the following Corollary.
Corollary 2. Let m < 2k0+1 − k0 and 1 ≤ k < k0, the following results
hold.
Case IA. If m = n, then αi(i = 1, 2, · · · ,m− 1) and βj(j = 1, 2, · · · , n− 1)
must satisfy the following equations

β1 + α1 = γ1 + γ
1
12
βj +
j−1∑
i=1
αiβj−i + αj + djk = γj +
k∑
i=1
γ
j
i 2
i 2k ≤ j < 2k+1 − k
βj +
j−1∑
i=1
αiβj−i + αj + djk = γj +
k+1∑
i=1
γ
j
i 2
i 2k+1 − k ≤ j < 2k+1
βj +
j−1∑
i=1
αiβj−i + αj + djk0 = γj +
k0∑
i=1
γ
j
i 2
i 2k0 ≤ j < m
βm +
m−1∑
i=1
αiβm−i + 1 + dmk0 = γm +
k0∑
i=1
γmi 2
i
αj−m +
m−1∑
i=j−m+1
αiβj−i + βj−m + djk0 = γj +
k0∑
i=1
γ
j
i 2
i j > m
(22)
Case IB. If m < n, then αi(i = 1, 2, · · · ,m− 1) and βj(j = 1, 2, · · · , n− 1)
must satisfy the following equations

β1 + α1 = γ1 + γ
1
12
βj +
j−1∑
i=1
αiβj−i + αj + djk = γj +
k∑
i=1
γ
j
i 2
i 2k ≤ j < 2k+1 − k
βj +
j−1∑
i=1
αiβj−i + αj + djk = γj +
k+1∑
i=1
γ
j
i 2
i 2k+1 − k ≤ j < 2k+1
βj +
j−1∑
i=1
αiβj−i + αj + djk0 = γj +
k0∑
i=1
γ
j
i 2
i 2k0 ≤ j < m
βm +
m−1∑
i=1
αiβm−i + 1 + dmk0 = γm +
k0∑
i=1
γmi 2
i
βj +
m−1∑
i=1
αiβj−i + βj−m + djk0 = γj +
k0∑
i=1
γ
j
i 2
i m+ 1 ≤ j < n
1 +
m−1∑
i=1
αiβn−i + βn−m + dnk0 = γn +
k0∑
i=1
γni 2
i
αj−n +
m−1∑
i=j−n+1
αiβj−i + βj−m + djk0 = γj +
k0∑
i=1
γ
j
i 2
i j > n
(23)
Case II. If m ≥ 2k0+1 − k0, similarly, we have

βj +
j−1∑
i=1
αiβj−i + αj + djk0 = γj +
k0∑
i=1
γ
j
i 2
i 2k0 ≤ j < 2k0+1 − k0
βj +
j−1∑
i=1
αiβj−i + αj + djk0 = γj +
k0+1∑
i=1
γ
j
i 2
i 2k0+1 − k0 ≤ j < m
βm +
m−1∑
i=1
αiβm−i + 1 + dmk0 = γm +
k0+1∑
i=1
γmi 2
i
βj +
m−1∑
i=1
αiβj−i + βj−m + djk0 = γj +
k0+1∑
i=1
γ
j
i 2
i m < j < 2k0+1
(24)
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If m = n, we have
αj−m +
m−1∑
i=j−m+1
αiβj−i + βj−m + dj(k0+1) = γj +
k0+1∑
i=1
γ
j
i 2
i j ≥ 2k0+1 (25)
If m < n < 2k0+1, we have

βm +
m−1∑
i=1
αiβm−i + 1 + dmk0 = γm +
k0+1∑
i=1
γmi 2
i
βj +
m−1∑
i=1
αiβj−i + βj−m + djk0 = γj +
k0+1∑
i=1
γ
j
i 2
i m ≤ j < n
1 +
m−1∑
i=1
αiβn−i + βn−m + dnk0 = γn +
k0+1∑
i=1
γni 2
i
αj−n +
m−1∑
i=j−n+1
αiβj−i + βj−m + djk0 = γj +
k0+1∑
i=1
γ
j
i 2
i n < j < 2k0+1
αj−n +
m−1∑
i=j−n+1
αiβj−i + βj−m + dj(k0+1) = γj +
k0+1∑
i=1
γ
j
i 2
i j ≥ 2k0+1
(26)
If n ≥ 2k0+1, we have

βm +
m−1∑
i=1
αiβm−i + 1 + dmk0 = γm +
k0+1∑
i=1
γmi 2
i
βj +
m−1∑
i=1
αiβj−i + βj−m + djk0 = γj +
k0+1∑
i=1
γ
j
i 2
i m < j < 2k0+1
βj +
m−1∑
i=1
αiβj−i + βj−m + dj(k0+1) = γj +
k0+1∑
i=1
γ
j
i 2
i 2k0+1 ≤ j < n
1 +
m−1∑
i=1
αiβn−i + βn−m + dn(k0+1) = γn +
k0+1∑
i=1
γni 2
i
αj−n +
m−1∑
i=j−n+1
αiβj−i + βj−m + dj(k0+1) = γj +
k0+1∑
i=1
γ
j
i 2
i j > n
(27)
By (13), (19), (24), (25), (26) and (27), we have the following Corollary.
Corollary 3. Let m ≥ 2k0+1 − k0 and 1 ≤ k < k0, the following results
hold.
Case IIA. If m = n, then αi(i = 1, 2, · · · ,m− 1) and βj(j = 1, 2, · · · , n− 1)
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must satisfy the following equations


β1 + α1 = γ1 + γ
1
12
βj +
j−1∑
i=1
αiβj−i + αj +
k∑
i=1
γ
j−i
i = γj +
k∑
i=1
γ
j
i 2
i 2k ≤ j < 2k+1 − k
βj +
j−1∑
i=1
αiβj−i + αj +
k∑
i=1
γ
j−i
i = γj +
k+1∑
i=1
γ
j
i 2
i 2k+1 − k ≤ j < 2k+1
βj +
j−1∑
i=1
αiβj−i + αj +
k0∑
i=1
γ
j−i
i = γj +
k0∑
i=1
γ
j
i 2
i 2k0 ≤ j < 2k0+1 − k0
βj +
j−1∑
i=1
αiβj−i + αj +
k0∑
i=1
γ
j−i
i = γj +
k0+1∑
i=1
γ
j
i 2
i 2k0+1 − k0 ≤ j < m
βm +
m−1∑
i=1
αiβm−i + 1 +
k0∑
i=1
γm−ii = γm +
k0+1∑
i=1
γmi 2
i
βj +
m−1∑
i=1
αiβj−i + βj−m +
k0∑
i=1
γ
j−i
i = γj +
k0+1∑
i=1
γ
j
i 2
i m < j < 2k0+1
αj−m +
m−1∑
i=j−m+1
αiβj−i + βj−m + dj(k0+1) = γj +
k0+1∑
i=1
γ
j
i 2
i j ≥ 2k0+1
(28)
Case IIB. If m < n < 2k0+1, then αi(i = 1, 2, · · · ,m − 1) and βj(j =
1, 2, · · · , n− 1) must satisfy the following equations

β1 + α1 = γ1 + γ
1
12
βj +
j−1∑
i=1
αiβj−i + αj + djk = γj +
k∑
i=1
γ
j
i 2
i 2k ≤ j < 2k+1 − k
βj +
j−1∑
i=1
αiβj−i + αj + djk = γj +
k+1∑
i=1
γ
j
i 2
i 2k+1 − k ≤ j < 2k+1
βj +
j−1∑
i=1
αiβj−i + αj + djk0 = γj +
k0∑
i=1
γ
j
i 2
i 2k0 ≤ j < 2k0+1 − k0
βj +
j−1∑
i=1
αiβj−i + αj + djk0 = γj +
k0+1∑
i=1
γ
j
i 2
i 2k0+1 − k0 ≤ j < m
βm +
m−1∑
i=1
αiβm−i + 1 + dmk0 = γm +
k0+1∑
i=1
γmi 2
i
βj +
m−1∑
i=1
αiβj−i + βj−m + djk0 = γj +
k0+1∑
i=1
γ
j
i 2
i m < j < n
1 +
m−1∑
i=1
αiβn−i + βn−m + dnk0 = γn +
k0+1∑
i=1
γni 2
i
αj−n +
m−1∑
i=j−n+1
αiβj−i + βj−m + djk0 = γj +
k0+1∑
i=1
γ
j
i 2
i n < j < 2k0+1
αj−n +
m−1∑
i=j−n+1
αiβj−i + βj−m + dj(k0+1) = γj +
k0+1∑
i=1
γ
j
i 2
i j ≥ 2k0+1
(29)
Case IIC. If m < n and n ≥ 2k0+1, then αi(i = 1, 2, · · · ,m − 1) and
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βj(j = 1, 2, · · · , n− 1) must satisfy the following equations

β1 + α1 = γ1 + γ
1
12
βj +
j−1∑
i=1
αiβj−i + αj + djk = γj +
k∑
i=1
γ
j
i 2
i 2k ≤ j < 2k+1 − k
βj +
j−1∑
i=1
αiβj−i + αj + djk = γj +
k+1∑
i=1
γ
j
i 2
i 2k+1 − k ≤ j < 2k+1
βj +
j−1∑
i=1
αiβj−i + αj + djk0 = γj +
k0∑
i=1
γ
j
i 2
i 2k0 ≤ j < 2k0+1 − k0
βj +
j−1∑
i=1
αiβj−i + αj + djk0 = γj +
k0+1∑
i=1
γ
j
i 2
i 2k0+1 − k0 ≤ j < m
βm +
m−1∑
i=1
αiβm−i + 1 + dmk0 = γm +
k0+1∑
i=1
γmi 2
i
βj +
m−1∑
i=1
αiβj−i + βj−m + djk0 = γj +
k0+1∑
i=1
γ
j
i 2
i m < j < n
1 +
m−1∑
i=1
αiβn−i + βn−m + dnk0 = γn +
k0+1∑
i=1
γni 2
i
αj−n +
m−1∑
i=j−n+1
αiβj−i + βj−m + djk0 = γj +
k0+1∑
i=1
γ
j
i 2
i n < j < 2k0+1
αj−n +
m−1∑
i=j−n+1
αiβj−i + βj−m + dj(k0+1) = γj +
k0+1∑
i=1
γ
j
i 2
i j ≥ 2k0+1
(30)
It can be seen from Eqs.(23), Eqs.(24), Eqs.(28), Eqs.(29) and Eqs.(30)
that the equations satisfied by variables αi(i = 1, 2, · · · ,m − 1) and βj(j =
1, 2, · · · , n−1) are quadratic, and there are many γji . This raises the question of
how to determine all γji and how to solve Eqs.(23), Eqs.(24), Eqs.(28), Eqs.(29)
and Eqs.(30). As we will see, these equations can be easily solved because the
values of variables αi(i = 1, 2, · · · ,m− 1), βj(j = 1, 2, · · · , n− 1) and all γji can
only be 0 or 1. Next, two lemmas are given.
Lemma 1. Let m+ n = N , then the following results hold.
(1). If m < 2k0+1 − k0, then

βn−1 + αm−1 + d(m+n−1)k0 = γm+n−1 βn−1αm−1 = 0
αj−m +
m−1∑
i=j−m+1
αiβj−i + βj−m + djk0 = γj +
l−1∑
i=1
γ
j
i 2
i (31)
where j = m+ n− l(l = 2, 3, · · · , k0).
(2). If m ≥ 2k0+1 − k0, then

βn−1 + αm−1 + d(m+n−1)(k0+1) = γm+n−1 βn−1αm−1 = 0
αj−m +
m−1∑
i=j−m+1
αiβj−i + βj−m + dj(k0+1) = γj +
l−1∑
i=1
γ
j
i 2
i (32)
where j = m+ n− l(l = 2, 3, · · · , k0 + 1).
The proof of Lemma 1 is simple.
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Lemma 2. Let m+ n = N − 1, then the following results hold.
(1). If m < 2k0+1 − k0, then

d(m+n+1)k0 = 1
1 + d(m+n)k0 = γm+n + γ
m+n
1 2
αj−m +
m−1∑
i=j−m+1
αiβj−i + βj−m + djk0 = γj +
l∑
i=1
γ
j
i 2
i
(33)
where j = m+ n− l(l = 2, 3, · · · , k0 − 1).
(2). If m ≥ 2k0+1 − k0, then

d(m+n+1)(k0+1) = 1
1 + d(m+n)(k0+1) = γm+n + γ
m+n
1 2
αj−m +
m−1∑
i=j−m+1
αiβj−i + βj−m + dj(k0+1) = γj +
l∑
i=1
γ
j
i 2
i
(34)
where j = m+ n− l(l = 2, 3, · · · , k0).
From Theorem 1, m and n must satisfy m+n = N(with m ≤ n) or m+n =
N − 1(with m ≤ n). The Diophantine equation m + n = N has
[
N
2
]
sets
of solutions, they are (1, N − 1), (2, N − 2), · · ·, (
[
N
2
]
, N −
[
N
2
]
), and the
Diophantine equation m + n = N − 1 has
[
N−1
2
]
sets of solutions, they are
(1, N − 2), (2, N − 3), · · ·, (
[
N−1
2
]
, N − 1−
[
N−1
2
]
).
For convenience, we express the system of the quadratic algebraic equations
corresponding to the solution (m,n) by Amn.
Theorem 2. Suppose that
M =
(
2m +
m−1∑
i=1
αi2
i + 1
)
2n + n−1∑
j=1
βj2
j + 1

 (35)
thenM is an odd prime if and only if Amn has no solution for all (m,n) satisfying
m + n = N(with m ≤ n) or m + n = N − 1(with m ≤ n), where αi = 1 or 0
(i = 1, 2, · · · ,m− 1) and βj = 1 or 0 (j = 1, 2, · · · , n− 1).
Next, we show how to solve the system of the quadratic algebraic equations
Amn. Because of the constraint conditions αi = 1 or 0 (i = 1, 2, · · · ,m− 1) and
βj = 1 or 0 (j = 1, 2, · · · , n − 1), we will see that to solve Amn is easy. Let,s
start with an example.
Example 3. Decompose the integer F4 = 2
24 + 1 = 216 + 1.
By Corollary 1, we have m + n = 15. Seven sets of solutions are obtain,
they are (m,n) = (1, 14), (m,n) = (2, 13), (m,n) = (3, 12), (m,n) = (4, 11),
(m,n) = (5, 10), (m,n) = (6, 9) and (m,n) = (7, 8). Seven cases need to be
considered in the example.
Case 1. (m,n) = (1, 14), we have
216 + 1 = (2 + 1)(214 +
13∑
i=1
βi2
i + 1)
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Expanding the right hand side of the above equation yields
216 + 1 = 215 + (1 + β13)2
14 +
13∑
i=2
(βi + βi−1)2
i + (1 + β1)2 + 1
We obtain 

1 + β1 = γ
1
12
β2 + β1 + γ
1
1 = γ
2
12 + γ
2
22
2
β3 + β2 + γ
2
1 = γ
3
12 + γ
3
22
2
βi + βi−1 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 3 ≤ i ≤ 13
1 + β13 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(36)
Noting that the values of variables β1 and γ
1
1 can only be 0 or 1, by the first
equation of Eqs.(36), we obtain
β1 = γ
1
1 = 1
which implies that the second equation of Eqs.(36) can be written as
β2 + 2 = γ
2
12 + γ
2
22
2
Because of 2 ≤ β2 + 2 ≤ 3, the solution of the above equation is
β2 = γ
2
2 = 0 γ
2
1 = 1
Substituting β2 = 0 and γ
2
1 = 1 into the third equation of Eq.(36) yields
β3 + 1 = γ
3
12 + γ
3
22
2
Noting that 1 ≤ β3 + 1 ≤ 2, its solution is
β3 = γ
3
1 = 1 γ
3
2 = 0
Continuing this process, we get

γ41 = 1 β4 = γ
4
2 = 0 β5 = γ
5
1 = 1 γ
5
2 = 0
γ61 = 1 β6 = γ
6
2 = 0 β7 = γ
7
1 = 1 γ
7
2 = 0
γ81 = 1 β8 = γ
8
2 = 0 β9 = γ
9
1 = 1 γ
9
2 = 0
γ101 = 1 β10 = γ
10
2 = 0 β11 = γ
11
1 = 1 γ
11
2 = 0
γ121 = 1 β12 = γ
12
2 = 0 β13 = γ
13
1 = 1 γ
13
2 = 0
(37)
Substituting β13 = γ
13
1 = 1 and γ
12
2 = 0 into the fourteen equation of Eq.(36)
yields
3 = γ141 2 + γ
14
2 2
2
Because the left side of the above equation cannot be divisible by 2, this equation
has no solution.
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Case 2. (m,n) = (2, 13), we have
216 + 1 = (22 + α12 + 1)(2
13 +
12∑
i=1
βi2
i + 1)
Expanding the right hand side of the above equation yields
216 + 1 = 215
+ (α1 + β12)2
14
+ (1 + α1β12 + β11)2
13
+
12∑
i=3
(βi + α1βi−1 + βi−2)2
i
+ (β2 + α1β1 + 1)2
2
+ (β1 + α1)2
+ 1
(38)
which implies that

β1 + α1 = γ
1
12
β2 + α1β1 + 1 + γ
1
1 = γ
2
12 + γ
2
22
2
β3 + α1β2 + β1 + γ
2
1 = γ
3
12 + γ
3
22
2
βi + α1βi−1 + βi−2 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 4 ≤ i ≤ 12
1 + α1β12 + β11 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
α1 + β12 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(39)
The first equation of Eqs.(39) has two solution, α1 = β1 = γ
1
1 = 0 and
α1 = β1 = γ
1
1 = 1.
Case 2-1. If α1 = β1 = γ
1
1 = 0, then Eqs.(39) become

β2 + 1 = γ
2
12 + γ
2
22
2
β3 + γ
2
1 = γ
3
12 + γ
3
22
2
βi + βi−2 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 ≤ i ≤ 12
1 + β11 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
β12 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(40)
Similar to Case 1, we have

β1 = α1 = γ
1
1 = 0 β2 = γ
2
1 = 1 γ
2
2 = 0
β3 = γ
3
1 = 1 γ
3
2 = 0 β4 = γ
4
2 = 0 γ
4
1 = 1
β5 = γ
5
2 = 0 γ
5
1 = 1 β6 = γ
6
1 = 1 γ
6
2 = 0
β7 = γ
7
1 = 1 γ
7
2 = 0 β8 = γ
8
2 = 0 γ
8
1 = 1
β9 = γ2 = 0 γ
9
1 = 1 β10 = γ
10
1 = 1 γ
10
2 = 0
β11 = γ
11
1 = 1 γ
11
2 = 0 β12 = γ
12
2 = 0 γ
12
1 = 1
γ131 = 1 γ
13
2 = 0
(41)
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Substituting β12 = 0, γ
13
1 = 1 and γ
12
2 = 0 into the fourteenth equation of
Eq.(40) yields
1 = γ141 2 + γ
14
2 2
2
which has no solution.
Case 2-2. If α1 = β1 = γ
1
1 = 1, then Eqs.(39) become

β2 + 3 = γ
2
12 + γ
2
22
2
β3 + β2 + 1 + γ
2
1 = γ
3
12 + γ
3
22
2
βi + βi−1 + βi−2 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 4 ≤ i ≤ 12
1 + β12 + β11 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
1 + β12 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(42)
Substituting β1 = α1 = γ
1
1 = 1 into the second equation of Eq.(42) yields
β2 + 3 = γ
2
12 + γ
2
22
2
The solution of the above equation is
β2 = γ
2
2 = 1 γ
2
1 = 0
Similarly, we have 

β3 = γ
3
2 = 0 γ
3
1 = 1
β4 = γ
4
2 = 1 γ
4
1 = 0
β5 = γ
5
1 = 1 γ
5
2 = 0
(43)
Substituting β4 = γ
4
2 = β5 = γ
5
1 = 1 into the sixth equation of Eq.(42) yields
β6 + 4 = γ
6
12 + γ
6
22
2
Its solution is
β6 = γ
6
1 = 0 γ
6
2 = 1
Continuing this process, we get

β7 = γ
7
1 = 1 γ
7
2 = 0 β8 = γ
8
2 = 1 γ
8
1 = 0
β9 = γ
9
2 = 0 γ
9
1 = 1 β10 = γ
10
2 = 1 γ
10
1 = 0
β11 = γ
11
1 = 1 γ
11
2 = 0 β12 = γ
12
1 = 0 γ
12
2 = 1
γ131 = 1 γ
13
2 = 0
(44)
Substituting β12 = 0 and γ
12
2 = γ
13
1 = 1 into the fourteenth equation of Eq.(42)
yields
3 = γ141 2 + γ
14
2 2
2
which has no solution.
Case 3. (m,n) = (3, 12), we have
216 + 1 = (23 + α22
2 + α12 + 1)(2
12 +
11∑
i=1
βi2
i + 1)
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The equations satisfied by variables αi(i = 1, 2) and βj(j = 1, 2, · · · , 11) are
given by

β1 + α1 = γ
1
12
α2 + α1β1 + β2 + γ
1
1 = γ
2
12 + γ
2
22
2
β3 + α1β2 + α2β1 + 1 + γ
2
1 = γ
3
12 + γ
3
22
2
βi + α1βi−1 + α2βi−2 + βi−3 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 4 ≤ i ≤ 11
1 + α1β11 + α2β10 + β9 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
α1 + α2β11 + β10 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
α2 + β11 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(45)
By the first two equations of Eqs.(45), we obtain
α1 = β1 = γ
1
1 = 0 α2 = β2 = γ
2
1 = γ
2
2 = 0
or
α1 = β1 = γ
1
1 = 0 α2 = β2 = γ
2
1 = 1 γ
2
2 = 0
or
α1 = β1 = γ
1
1 = 1 α2 = β2 = γ
2
2 = 0 γ
2
1 = 1
or
α1 = β1 = γ
1
1 = 1 α2 = β2 = γ
2
2 = 1 γ
2
1 = 0
Case 3-1. α1 = β1 = γ
1
1 = 0 and α2 = β2 = γ
2
1 = γ
2
2 = 0. In this case,
Eqs.(45) becomes

β3 + 1 = γ
3
12 + γ
3
22
2
βi + βi−3 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 4 ≤ i ≤ 11
1 + β9 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
β10 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
β11 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(46)
Solving the above equations yields

β3 = γ
3
1 = 1 γ
3
2 = 0 β4 = γ
4
1 = 1 γ
4
2 = 0
β5 = γ
5
1 = 1 γ
5
2 = 0 β6 = γ
6
2 = 0 γ
6
1 = 1
β7 = γ
7
2 = 0 γ
7
1 = 1 β8 = γ
8
2 = 0 γ
8
1 = 1
β9 = γ
9
1 = 1 γ
9
2 = 0 β10 = γ
10
1 = 1 γ
10
2 = 0
β11 = γ
11
1 = 1 γ
11
2 = 0
(47)
Substituting β9 = γ
11
1 = 1 and γ
10
2 = 0 into the twelfth equation of Eq.(46)
yields
3 = γ121 2 + γ
12
2 2
2
which has no solution.
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Case 3-2. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1 and γ
2
2 = 0. In this case,
Eqs.(45) becomes

β3 + β1 + 2 = γ
3
12 + γ
3
22
2
βi + βi−2 + βi−3 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 4 ≤ i ≤ 11
1 + β10 + β9 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
β11 + β10 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
1 + β11 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(48)
By the above equations, we get

β3 = γ
3
2 = 0 γ
3
1 = 1 β4 = γ
4
2 = 0 γ
4
1 = 1
β5 = γ
5
2 = 0 γ
5
1 = 1 β6 = γ
6
1 = 1 γ
6
2 = 0
β7 = γ
7
1 = 1 γ
7
2 = 0 β8 = γ
8
2 = 0 γ
8
1 = 1
β9 = γ
9
2 = 1 γ
9
1 = 0 β10 = γ
10
1 = 1 γ
10
2 = 0
β11 = γ
11
2 = 1 γ
11
1 = 0
3 = γ121 2 + γ
12
2 2
2
(49)
which implies that Eqs.(48) has no solution.
Case 3-3. α1 = β1 = γ
1
1 = 1, α2 = β2 = γ
2
2 = 0 and γ
2
1 = 1. In this case,
Eqs.(45) becomes

β3 + β2 + 1 + γ
2
1 = γ
3
12 + γ
3
22
2
βi + βi−1 + βi−3 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 4 ≤ i ≤ 11
1 + β11 + β9 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
1 + β10 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
β11 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(50)
Thus, we obtain

β3 = γ
3
2 = 0 γ
3
1 = 1 β4 = γ
4
2 = 0 γ
4
1 = 1
β5 = γ
5
1 = 1 γ
5
2 = 0 β6 = γ
6
2 = 0 γ
6
1 = 1
β7 = γ
7
1 = 1 γ
7
2 = 0 β8 = γ
8
2 = 1 γ
8
1 = 0
β9 = γ
9
1 = 1 γ
9
2 = 0 β10 = γ
10
1 = 0 γ
10
2 = 1
β11 = γ
11
1 = 1 γ
11
2 = 0
5 = γ121 2 + γ
12
2 2
2
(51)
Case 3-4. α1 = β1 = γ
1
1 = 1, α2 = β2 = γ
2
2 = 1 and γ
2
1 = 0. In this case,
Eqs.(45) becomes

β3 + 3 = γ
3
12 + γ
3
22
2
βi + βi−1 + βi−2 + βi−3 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 4 ≤ i ≤ 11
1 + β11 + β10 + β9 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
1 + β11 + β10 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
1 + β11 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(52)
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By Eqs.(52), we have

β3 = γ
3
2 = 1 γ
3
1 = 0 β4 = γ
4
1 = 0 γ
4
2 = 1
β5 = γ
5
2 = 1 γ
5
1 = 0 β6 = γ
6
2 = 1 γ
6
1 = 0
β7 = γ
7
2 = 1 γ
7
1 = 0 β8 = γ
8
1 = 0 γ
8
2 = 1
β9 = γ
9
2 = 1 γ
9
1 = 0 β10 = γ
10
2 = 1 γ
10
1 = 0
β11 = γ
11
2 = 1 γ
11
1 = 0
5 = γ121 2 + γ
12
2 2
2
(53)
Case 4. (m,n) = (4, 11), the equations satisfied by variables αi(i = 1, 2, 3)
and βj(j = 1, 2, · · · , 10) are given by

β1 + α1 = γ
1
12
β2 + α1β1 + α2 + γ
1
1 = γ
2
12 + γ
2
22
2
β3 + α1β2 + α2β1 + α3 + γ
2
1 = γ
3
12 + γ
3
22
2
β4 + α1β3 + α2β2 + α3β1 + 1 + γ
3
1 + γ
2
2 = γ
4
12 + γ
4
22
2
βi + α1βi−1 + α2βi−2 + α3βi−3 + βi−4 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2
1 + α1β10 + α2β9 + α3β8 + β7 + γ
10
1 + γ
9
2 = γ
11
1 2 + γ
11
2 2
2
α1 + α2β10 + α3β9 + β8 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
α2 + α3β10 + β9 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
α3 + β10 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(54)
where 5 ≤ i ≤ 10. By the first two equations of Eqs.(54), we get

α1 = β1 = γ
1
1 = 0
α2 = β2 = γ
2
1 = γ
2
2 = 0
α3 = β3 = γ
3
1 = γ
3
2 = 0
(55)
or 

α1 = β1 = γ
1
1 = 0
α2 = β2 = γ
2
1 = γ
2
2 = 0
α3 = β3 = γ
3
1 = 1 γ
3
2 = 0
(56)
or 

α1 = β1 = γ
1
1 = 0
α2 = β2 = γ
2
1 = 1 γ
2
2 = 0
α3 = 0 β3 = γ
3
1 = 1 γ
3
2 = 0
(57)
or 

α1 = β1 = γ
1
1 = 0
α2 = β2 = γ
2
1 = 1 γ
2
2 = 0
α3 = 1 β3 = 0 γ
3
1 = 1 γ
3
2 = 0
(58)
or 

α1 = β1 = γ
1
1 = 1
α2 = β2 = 0 γ
2
1 = 1 γ
2
2 = 0
α3 = 0 β3 = 1 γ
3
1 = 1 γ
3
2 = 0
(59)
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or 

α1 = β1 = γ
1
1 = 1
α2 = β2 = 0 γ
2
1 = 1 γ
2
2 = 0
α3 = 1 β3 = 0 γ
3
1 = 1 γ
3
2 = 0
(60)
or 

α1 = β1 = γ
1
1 = 1
α2 = β2 = 1 γ
2
1 = 0 γ
2
2 = 1
α3 = β3 = 0 γ
3
1 = 1 γ
3
2 = 0
(61)
or 

α1 = β1 = γ
1
1 = 1
α2 = β2 = 1 γ
2
1 = 0 γ
2
2 = 1
α3 = β3 = 1 γ
3
1 = 0 γ
3
2 = 1
(62)
Case 4-1. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0 and α3 = β3 = γ
3
1 =
γ32 = 0. In this case, Eqs.(54) becomes

β4 + 1 = γ
4
12 + γ
4
22
2
βi + βi−4 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 5 ≤ i ≤ 10
1 + β7 + γ
10
1 + γ
9
2 = γ
11
1 2 + γ
11
2 2
2
β8 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
β9 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
β10 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(63)
By Eqs.(63), we have

β4 = γ
4
1 = 1 γ
4
2 = 0 β5 = γ
5
1 = 1 γ
5
2 = 0
β6 = γ
6
1 = 1 γ
6
2 = 0 β7 = γ
7
1 = 1 γ
7
2 = 0
β8 = γ
8
2 = 0 γ
8
1 = 1 β9 = γ
9
2 = 0 γ
9
1 = 1
β10 = γ
10
2 = 0 γ
10
1 = 1
3 = γ111 2 + γ
11
2 2
2
(64)
which implies that Eqs.(63) has no solution in this case.
Case 4-2. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1
and γ32 = 0. In this case, Eqs.(54) becomes

β4 + 2 = γ
4
12 + γ
4
22
2
βi + βi−3 + βi−4 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 5 ≤ i ≤ 10
1 + β8 + β7 + γ
10
1 + γ
9
2 = γ
11
1 2 + γ
11
2 2
2
β9 + β8 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
β10 + β9 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
1 + β10 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(65)
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By the above equations, we have

β4 = γ
4
2 = 0 γ
4
1 = 1 β5 = γ
5
1 = 1 γ
5
2 = 0
β6 = γ
6
2 = 0 γ
6
1 = 1 β7 = γ
7
2 = 0 γ
7
1 = 1
β8 = γ
8
2 = 0 γ
8
1 = 1 β9 = γ
9
2 = 0 γ
9
1 = 1
β10 = γ
10
1 = 1 γ
10
2 = 0 γ
11
1 = 1 γ
11
2 = 0
1 = γ121 2 + γ
12
2 2
2
(66)
Case 4-3. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1 and γ
3
2 = 0. In this case, Eqs.(54) becomes

β4 + 3 = γ
4
12 + γ
4
22
2
βi + βi−2 + βi−4 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 5 ≤ i ≤ 10
1 + β9 + β7 + γ
10
1 + γ
9
2 = γ
11
1 2 + γ
11
2 2
2
β10 + β8 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
1 + β9 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
β10 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(67)
which implies 

β4 = γ
4
2 = 1 γ
4
1 = 0 β5 = γ
5
1 = 1 γ
5
2 = 0
β6 = γ
6
1 = 0 γ
6
2 = 1 β7 = γ
7
2 = 0 γ
7
1 = 1
β8 = γ
8
2 = 1 γ
8
1 = 0 β9 = γ
9
1 = 1 γ
9
2 = 0
β10 = γ
10
2 = 1 γ
10
1 = 0 γ
11
1 = 1 γ
11
2 = 0
γ121 = 0 γ
12
2 = 1 γ
13
1 = 1 γ
13
2 = 0
3 = γ141 2 + γ
14
2 2
2
(68)
Case 4-4. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, and γ
3
2 = 0. In this case, Eqs.(54) becomes

β4 + 3 = γ
4
12 + γ
4
22
2
βi + βi−2 + βi−3 + βi−4 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 5 ≤ i ≤ 10
1 + β9 + β8 + β7 + γ
10
1 + γ
9
2 = γ
11
1 2 + γ
11
2 2
2
β10 + β9 + β8 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
1 + β10 + β9 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
1 + β10 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(69)
By Eqs.(69), we have

β4 = γ
4
2 = 1 γ
4
1 = 0 β5 = γ
5
1 = 1 γ
5
2 = 0
β6 = γ
6
1 = 0 γ
6
2 = 1 β7 = γ
7
2 = 0 γ
7
1 = 1
β8 = γ
8
1 = 0 γ
8
2 = 1 β9 = γ
9
1 = 1 γ
9
2 = 0
β10 = γ
10
2 = 0 γ
10
1 = 1
3 = γ111 2 + γ
11
2 2
2
(70)
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Case 4-5. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1, and γ
3
2 = 0. In this case, Eqs.(54) becomes

β4 + 3 = γ
4
12 + γ
4
22
2
βi + βi−1 + βi−4 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 5 ≤ i ≤ 10
1 + β10 + β7 + γ
10
1 + γ
9
2 = γ
11
1 2 + γ
11
2 2
2
1 + β8 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
β9 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
β10 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(71)
which implies 

β4 = γ
4
2 = 1 γ
4
1 = 0 β5 = γ
5
2 = 0 γ
5
1 = 1
β6 = γ
6
2 = 0 γ
6
1 = 1 β7 = γ
7
2 = 0 γ
7
1 = 1
β8 = γ
8
2 = 0 γ
8
1 = 1 β9 = γ
9
1 = 1 γ
9
2 = 0
β10 = γ
10
2 = 0 γ
10
1 = 1 γ
11
1 = 1 γ
11
2 = 0
γ121 = 1 γ
12
2 = 0 γ
13
1 = 1 γ
13
2 = 0
1 = γ141 2 + γ
14
2 2
2
(72)
Case 4-6. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1 and γ
3
2 = 0. In this case, Eqs.(54) becomes

β4 + 3 = γ
4
12 + γ
4
22
2
βi + βi−1 + βi−3 + βi−4 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 5 ≤ i ≤ 10
1 + β8 + β7 + γ
10
1 + γ
9
2 = γ
11
1 2 + γ
11
2 2
2
1 + β9 + β8 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
β10 + β9 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
1 + β10 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(73)
By the above equation, we have

β4 = γ
4
2 = 1 γ
4
1 = 0 β5 = γ
5
2 = 0 γ
5
1 = 1
β6 = γ
6
2 = 0 γ
6
1 = 1 β7 = γ
7
2 = 0 γ
7
1 = 1
β8 = γ
8
2 = 0 γ
8
1 = 1 β9 = γ
9
1 = 1 γ
9
2 = 0
β10 = γ
10
2 = 0 γ
1
10 = 1 γ
11
1 = 1 γ
11
2 = 0
3 = γ121 2 + γ
12
2 2
2
(74)
Case 4-7. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
21
γ31 = 1 and γ
3
2 = 0. In this case, Eqs.(54) becomes

β4 + 4 = γ
4
12 + γ
4
22
2
βi + βi−1 + βi−2 + βi−4 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2 5 ≤ i ≤ 10
1 + β10 + β9 + β7 + γ
10
1 + γ
9
2 = γ
11
1 2 + γ
11
2 2
2
1 + β10 + β8 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
1 + β9 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
β10 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(75)
By Eqs.(75), we get

β4 = γ
4
1 = 0 γ
4
2 = 1 β5 = γ
5
1 = 1 γ
5
2 = 0
β6 = γ
6
1 = 0 γ
6
2 = 1 β7 = γ
7
1 = 1 γ
7
2 = 0
β8 = γ
8
1 = 0 γ
8
2 = 1 β9 = γ
9
2 = 0 γ
9
1 = 1
β10 = γ
10
2 = 0 γ
10
1 = 1
3 = γ111 2 + γ
11
2 2
2
(76)
Case 4-8. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0 and γ
3
2 = 1. In this case, Eqs.(54) becomes

β4 + 5 = γ
4
12 + γ
4
22
2
βi + βi−1 + βi−2 + βi−3 + βi−4 + γ
i−1
1 + γ
i−2
2 = γ
i
12 + γ
i
22
2
1 + β10 + β9 + β8 + β7 + γ
10
1 + γ
9
2 = γ
11
1 2 + γ
11
2 2
2
1 + β10 + β9 + β8 + γ
11
1 + γ
10
2 = γ
12
1 2 + γ
12
2 2
2
1 + β10 + β9 + γ
12
1 + γ
11
2 = γ
13
1 2 + γ
13
2 2
2
1 + β10 + γ
13
1 + γ
12
2 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(77)
where 5 ≤ i ≤ 10. By the Eqs.(77), we get

β4 = γ
4
1 = γ
4
2 = 1 β5 = 0 γ
5
1 = γ
5
2 = 1
β6 = γ
6
1 = γ
6
2 = 1 β7 = γ
7
1 = γ
7
2 = 1
β8 = γ
8
1 = γ
8
2 = 1 β9 = γ
9
1 = γ
9
2 = 1
β10 = 0 γ
10
1 = γ
10
2 = 1 γ
11
1 = γ
11
2 = 1
5 = γ121 2 + γ
12
2 2
2
(78)
Case 5. (m,n) = (5, 10), the equations satisfied by variables αi(i = 1, 2, 3, 4)
22
and βj(j = 1, 2, · · · , 9) are given by

β1 + α1 = γ
1
12
β2 + α1β1 + α2 + γ
1
1 = γ
2
12 + γ
2
22
2
β3 + α1β2 + α2β1 + α3 + γ
2
1 = γ
3
12 + γ
3
22
2
β4 + α1β3 + α2β2 + α3β1 + α4 + γ
3
1 + γ
2
2 = γ
4
12 + γ
4
22
2
β5 + α1β4 + α2β3 + α3β2 + α4β1 + 1 + γ
4
1 + γ
3
2 = γ
5
12 + γ
5
22
2 + γ532
3
β6 + α1β5 + α2β4 + α3β3 + α4β2 + β1 + γ
5
1 + γ
4
2 = γ
6
12 + γ
6
22
2 + γ632
3
β7 + α1β6 + α2β5 + α3β4 + α4β3 + β2 + γ
6
1 + γ
5
2 = γ
7
12 + γ
7
22
2 + γ732
3
β8 +
4∑
i=1
αiβ8−i + β3 + γ
7
1 + γ
6
2 + γ
5
3 = γ
8
12 + γ
8
22
2 + γ832
3
β9 +
4∑
i=1
αiβ9−i + β4 + γ
8
1 + γ
7
2 + γ
6
3 = γ
9
12 + γ
9
22
2 + γ932
3
1 +
4∑
i=1
αiβ10−i + β5 + γ
9
1 + γ
8
2 + γ
7
3 = γ
10
1 2 + γ
10
2 2
2 + γ103 2
3
α1 + α2β9 + α3β8 + α4β7 + β6 + γ
10
1 + γ
9
2 + γ
8
3 = γ
11
1 2 + γ
11
2 2
2 + γ113 2
3
α2 + α3β9 + α4β8 + β7 + γ
11
1 + γ
10
2 + γ
9
3 = γ
12
1 2 + γ
12
2 2
2
α3 + α4β9 + β8 + γ
12
1 + γ
11
2 + γ
10
3 = γ
13
1 2 + γ
13
2 2
2
α4 + β9 + γ
13
1 + γ
12
2 + γ
11
3 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(79)
There are sixteen cases.
Case 5-1. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = γ
3
2 =
0, and α4 = β4 = γ
4
1 = γ
4
2 = 0. In this case, by Eqs.(79), we get

β5 = γ
5
1 = 1 γ
5
2 = γ
5
3 = 0 β6 = γ
6
1 = 1 γ
6
2 = γ
6
3 = 0
β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 β8 = γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
β9 = γ
9
1 = 1 γ
9
2 = γ
9
3 = 0
3 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(80)
Case 5-2. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = γ
3
2 =
0, α4 = β4 = γ
4
1 = 1 and γ
4
2 = 0. In this case, by Eqs.(79), we have

β5 = 0 γ
5
1 = 1 γ
5
2 = γ
5
3 = 0 β6 = γ
6
1 = 1 γ
6
2 = γ
6
3 = 0
β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 β8 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
β9 = 0 γ
9
1 = 1 γ
9
2 = γ
9
3 = 0
3 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(81)
Case 5-3. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 0, β4 = γ
4
1 = 1, and γ
4
2 = 0.

β5 = 0 γ
5
1 = 1 γ
5
2 = γ
5
3 = 0 β6 = 0 γ
6
1 = 1 γ
6
2 = γ
6
3 = 0
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 β8 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
β9 = 0 γ
9
1 = 1 γ
9
2 = γ
9
3 = 0 γ
10
1 = 1 γ
10
2 = γ
10
3 = 0
1 = γ111 2 + γ
11
2 2
2 + γ113 2
3
(82)
23
Case 5-4. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 1, β4 = 0, γ
4
1 = 1, and γ
4
2 = 0. In this case, by Eqs.(79), we obtain

β5 = 0 γ
5
1 = 1 γ
5
2 = γ
5
3 = 0 β6 = 0 γ
6
1 = 1 γ
6
2 = γ
6
3 = 0
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 β8 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
β9 = γ
9
1 = 1 γ
9
2 = γ
9
3 = 0 γ
10
1 = 1 γ
10
2 = γ
10
3 = 0
1 = γ111 2 + γ
11
2 2
2 + γ113 2
3
(83)
Case 5-5. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, and γ
4
2 = 0. In this case, by
Eqs.(79), we have

β5 = 1 γ
5
1 = 0 γ
5
2 = 1 γ
5
3 = 0 β6 = γ
6
1 = γ
6
2 = γ
6
3 = 0
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 β8 = γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
β9 = 1 γ
9
1 = 0 γ
9
2 = 1 γ
9
3 = 0
3 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(84)
Case 5-6. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, and γ
4
2 = 1. In this case, by
Eqs.(79), we get

β5 = 0 γ
5
1 = 1 γ
5
2 = γ
5
3 = 0 β6 = γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 β8 = γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
β9 = γ
9
1 = 1 γ
9
2 = γ
9
3 = 0
3 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(85)
Case 5-7. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, and γ
4
2 = 0. In this case, by Eqs.(79), we
obtain

β5 = 1 γ
5
1 = 0 γ
5
2 = 1 γ
5
3 = 0 β6 = γ
6
1 = γ
6
2 = γ
6
3 = 0
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 β8 = γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
β9 = 1 γ
9
1 = 0 γ
9
2 = 1 γ
9
3 = 0 γ
10
1 = 0 γ
10
2 = 1 γ
10
3 = 0
3 = γ111 2 + γ
11
2 2
2 + γ113 2
3
(86)
Case 5-8. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, and γ
4
2 = 1.In this case, by Eqs.(79), we
get 

β5 = 0 γ
5
1 = 1 γ
5
2 = γ
5
3 = 0 β6 = γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
β9 = γ
9
1 = 1 γ
9
2 = γ
9
3 = 0 γ
10
1 = 0 γ
10
2 = 1 γ
10
3 = 0
γ111 = 1 γ
11
2 = γ
11
3 = 0
5 = γ121 2 + γ
12
2 2
2
(87)
Case 5-9. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0, β3 = 1,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, and γ
4
2 = 0. In this case, by Eqs.(79), we
24
have 

β5 = γ
5
1 = 1 γ
5
2 = γ
5
3 = 0 β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0
β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 β8 = γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
β9 = γ
9
1 = γ
9
2 = γ
9
3 = 0
3 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(88)
Case 5-10. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, and γ
4
2 = 1. By Eqs.(79), we have

β5 = 1 γ
5
1 = 0 γ
5
2 = 1 γ
5
3 = 0 β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 β8 = γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
β9 = 1 γ
9
1 = 0 γ
9
2 = 1 γ
9
3 = 0
5 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(89)
Case 5-11. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, and γ
4
2 = 0. By Eqs.(79), we get

β5 = 0 γ
5
1 = 1 γ
5
2 = γ
5
3 = 0 β6 = 0 γ
6
1 = 1 γ
6
2 = γ
6
3 = 0
β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 β8 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
β9 = γ
9
1 = 1 γ
9
2 = γ
9
3 = 0
γ101 = 0 γ
10
2 = 1 γ
10
3 = 0
1 = γ111 2 + γ
11
2 2
2 + γ113 2
3
(90)
Case 5-12. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, and γ
4
2 = 1. By Eqs.(79), we have

β5 = 1 γ
5
1 = 0 γ
5
2 = 1 γ
5
3 = 0 β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 β8 = γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
β9 = γ
9
1 = 0 γ
9
2 = 1 γ
9
3 = 0
5 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(91)
Case 5-13. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, and γ
4
2 = 0. By Eqs.(79), we get

β5 = 0 γ
5
1 = 1 γ
5
2 = γ
5
3 = 0 β6 = 0 γ
6
1 = 1 γ
6
2 = γ
6
3 = 0
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 β8 = γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
β9 = 0 γ
9
1 = 1 γ
9
2 = γ
9
3 = 0
3 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(92)
Case 5-14. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, and γ
4
2 = 1. By Eqs.(79), we obtain

β5 = 1 γ
5
1 = 0 γ
5
2 = 1 γ
5
3 = 0 β6 = γ
6
1 = γ
6
2 = 1 γ
6
3 = 0
β7 = γ
7
1 = γ
7
2 = 1 γ
7
3 = 0 β8 = γ
8
1 = γ
8
2 = 1 γ
8
3 = 0
β9 = 0 γ
9
1 = γ
9
2 = 1 γ
9
3 = 0 γ
10
1 = γ
10
2 = 1 γ
10
3 = 0
5 = γ111 2 + γ
11
2 2
2 + γ113 2
3
(93)
25
Case 5-15. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1, α4 = β4 = γ
4
1 = 0 and γ
4
2 = 1. By Eqs.(79), we have

β5 = γ
5
1 = 0 γ
5
2 = 1 γ
5
3 = 0 β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 β8 = γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
β9 = 1 γ
9
1 = 0 γ
9
2 = 1 γ
9
3 = 0 γ
10
1 = 0 γ
10
2 = 1 γ
10
3 = 0
γ111 = 0 γ
11
2 = 1 γ
11
3 = 0 γ
12
1 = 0 γ
12
2 = 1
γ131 = 1 γ
13
2 = 0
3 = γ141 2 + γ
14
2 2
2
(94)
Case 5-16. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1 and α4 = β4 = γ
4
1 = γ
4
2 = 1. By Eqs.(79), we get

β5 = 1 γ
5
1 = γ
5
2 = 0 γ
5
3 = 1 β6 = 0 γ
6
1 = γ
6
2 = 1 γ
6
3 = 0
β7 = γ
7
1 = γ
7
2 = 1 γ
7
3 = 0 β8 = 1 γ
8
1 = γ
8
2 = 0 γ
8
3 = 1
β9 = γ
9
1 = γ
9
2 = 1 γ
9
3 = 0 γ
10
1 = γ
10
2 = 1 γ
10
3 = 0
7 = γ111 2 + γ
11
2 2
2 + γ113 2
3
(95)
Case 6. (m,n) = (6, 9), the equations satisfied by variables αi(i = 1, 2, 3, 4, 5)
and βj(j = 1, 2, · · · , 8) are given by

β1 + α1 = γ
1
12
β2 + α1β1 + α2 + γ
1
1 = γ
2
12 + γ
2
22
2
β3 + α1β2 + α2β1 + α3 + γ
2
1 = γ
3
12 + γ
3
22
2
β4 + α1β3 + α2β2 + α3β1 + α4 + γ
3
1 + γ
2
2 = γ
4
12 + γ
4
22
2
β5 + α1β4 + α2β3 + α3β2 + α4β1 + α5 + γ
4
1 + γ
3
2 = γ
5
12 + γ
5
22
2 + γ532
3
β6 +
5∑
i=1
αiβ6−i + 1 + γ
5
1 + γ
4
2 = γ
6
12 + γ
6
22
2 + γ632
3
β7 +
5∑
i=1
αiβ7−i + β1 + γ
6
1 + γ
5
2 = γ
7
12 + γ
7
22
2 + γ732
3
β8 +
5∑
i=1
αiβ8−i + β2 + γ
7
1 + γ
6
2 + γ
5
3 = γ
8
12 + γ
8
22
2 + γ832
3
1 +
5∑
i=1
αiβ9−i + β3 + γ
8
1 + γ
7
2 + γ
6
3 = γ
9
12 + γ
9
22
2 + γ932
3
α1 +
5∑
i=2
αiβ10−i + β4 + γ
9
1 + γ
8
2 + γ
7
3 = γ
10
1 2 + γ
10
2 2
2 + γ103 2
3
α2 + α3β8 + α4β7 + α5β6 + β5 + γ
10
1 + γ
9
2 + γ
8
3 = γ
11
1 2 + γ
11
2 2
2 + γ113 2
3
α3 + α4β8 + α5β7 + β6 + γ
11
1 + γ
10
2 + γ
9
3 = γ
12
1 2 + γ
12
2 2
2
α4 + α5β8 + β7 ++γ
12
1 + γ
11
2 + γ
10
3 = γ
13
1 2 + γ
13
2 2
2
α5 + β8 + γ
13
1 + γ
12
2 + γ
11
3 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(96)
There are thirty-two cases.
Case 6-1. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = γ
3
2 =
0, α4 = β4 = γ
4
1 = γ
4
2 = 0, and α5 = β5 = γ
5
1 = γ
5
2 = γ
5
3 = 0. In this case, by
26
Eqs.(96), we have

β6 = γ
6
1 = 1 γ
6
2 = γ
6
3 = 0 β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = γ
8
1 = 1 γ
8
2 = γ
8
3 = 0 γ
9
1 = 1 γ
9
2 = γ
9
3 = 0
1 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(97)
Case 6-2. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = γ
3
2 =
0, α4 = β4 = γ
4
1 = γ
4
2 = 0, and α5 = β5 = γ
5
1 = 1, γ
5
2 = γ
5
3 = 0. In this case, by
Eqs.(96), we get

β6 = 0 γ
6
1 = 1 γ
6
2 = γ
6
3 = 0 β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = γ
8
1 = 1 γ
8
2 = γ
8
3 = 0 γ
9
1 = 1 γ
9
2 = γ
9
3 = 0
γ101 = 1 γ
10
2 = γ
10
3 = 0 γ
11
1 = 1 γ
11
2 = γ
11
3 = 0
γ121 = 1 γ
12
2 = 0
3 = γ131 2 + γ
13
2 2
2
(98)
Case 6-3. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = γ
3
2 =
0, α4 = β4 = γ
4
1 = 1, γ
4
2 = 0. α5 = 0, β5 = γ
5
1 = 1 and γ
5
2 = γ
5
3 = 0. In this
case, by Eqs.(96), we have

β6 = 0 γ
6
1 = 1 γ
6
2 = γ
6
3 = 0 β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3
(99)
Case 6-4. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = γ
3
2 =
0, α4 = β4 = γ
4
1 = 1, γ
4
2 = 0. α5 = 1, β5 = 0, γ
5
1 = 1 and γ
5
2 = γ
5
3 = 0. In this
case, by Eqs.(96), we have

β6 = 0 γ
6
1 = 1 γ
6
2 = γ
6
3 = 0 β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3
(100)
Case 6-5. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 0, β4 = γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1 and γ
5
2 = γ
5
3 = 0. In
this case, by Eqs.(96), we have

β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3
(101)
Case 6-6. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 0, β4 = γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1 and γ
5
2 = γ
5
3 = 0.
In this case, by Eqs.(96), we have

β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0 γ
9
1 = 0 γ
9
2 = 1 γ
9
3 = 0
γ101 = 0 γ
10
2 = 1 γ
10
3 = 0
3 = γ111 2 + γ
11
2 2
2 + γ113 2
3
(102)
27
Case 6-7. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 1, β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1 and γ
5
2 = γ
5
3 = 0.
In this case, by Eqs.(96), we obtain

β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0 γ
9
1 = 0 γ
9
2 = 1 γ
9
3 = 0
3 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(103)
Case 6-8. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 1, β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1 and γ
5
2 = γ
5
3 = 0.
In this case, by Eqs.(96), we obtain

β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3
(104)
Case 6-9. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = β5 = 0, γ
5
1 = 1, and
γ52 = γ
5
3 = 0. In this case, by Eqs.(96), we have

β6 = 0 γ
6
1 = 1 γ
6
2 = γ
6
3 = 0 β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0 γ
9
1 = 0 γ
9
2 = 1 γ
9
3 = 0
1 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(105)
Case 6-10. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = β5 = 1, γ
5
1 = 0, γ
5
2 = 1,
and γ53 = 0. In this case, by Eqs.(96), we have

β6 = γ
6
1 = 1 γ
6
2 = γ
6
3 = 0 β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3
(106)
Case 6-11. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = 0, β5 = 1, γ
5
1 = 1 and
γ52 = γ
5
3 = 0. In this case, by Eqs.(96), we get

β6 = γ
6
1 = γ
6
2 = 1 γ
6
3 = 0 β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
β8 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
5 = γ912 + γ
9
22
2 + γ932
3
(107)
Case 6-12. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = 1, β5 = 0, γ
5
1 = 1 and
γ52 = γ
5
3 = 0. In this case, by Eqs.(96), we get

β6 = γ
6
1 = γ
6
2 = 1 γ
6
3 = 0 β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
β8 = γ
8
1 = γ
8
2 = 1 γ
8
3 = 0 γ
9
1 = γ
9
2 = 1 γ
9
3 = 0
5 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(108)
28
Case 6-13. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = β5 = 0, γ
5
1 = 1, and
γ52 = γ
5
3 = 0. In this case, by Eqs.(96), we obtain

β6 = 0 γ
6
1 = 1 γ
6
2 = γ
6
3 = 0 β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3
(109)
Case 6-14. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = β5 = 1, γ
5
1 = 0, γ
5
2 = 1, and
γ53 = 0. In this case, by Eqs.(96), we obtain

β6 = γ
6
1 = 1 γ
6
2 = γ
6
3 = 0 β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3
(110)
Case 6-15. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = 0, β5 = γ
5
1 = 1,
andγ52 = γ
5
3 = 0.In this case, by Eqs.(96), we get

β6 = γ
6
1 = γ
6
2 = 1 γ
6
3 = 0 β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
β8 = γ
8
1 = γ
8
2 = 1 γ
8
3 = 0 γ
9
1 = γ
9
2 = 1 γ
9
3 = 0
γ101 = γ
10
2 = 1 γ
10
3 = 0 γ
11
1 = γ
11
2 = 1 γ
11
3 = 0
5 = γ121 2 + γ
12
2 2
2
(111)
Case 6-16. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = 1, β5 = 0, γ
5
1 = 1,
andγ52 = γ
5
3 = 0.In this case, by Eqs.(96), we get

β6 = γ
6
1 = γ
6
2 = 1 γ
6
3 = 0 β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
β8 = γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
5 = γ912 + γ
9
22
2 + γ932
3
(112)
Case 6-17. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1, and
γ52 = γ
5
3 = 0. In this case, by Eqs.(96), we have

β6 = 0 γ
6
1 = 1 γ
6
2 = γ
6
3 = 0 β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = γ
8
1 = 1 γ
8
2 = γ
8
3 = 0 γ
9
1 = 0 γ
9
2 = 1 γ
9
3 = 0
1 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(113)
Case 6-18. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1,
and γ52 = γ
5
3 = 0. In this case, by Eqs.(96), we have

β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3
(114)
29
Case 6-19. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 0, γ
5
1 = 1, and
γ52 = γ
5
3 = 0. By Eqs.(96), we have

β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0 γ
9
1 = 0 γ
9
2 = 1 γ
9
3 = 0
γ101 = 0 γ
10
2 = 1 γ
10
3 = 0 γ
11
1 = 1 γ
11
2 = γ
11
3 = 0
γ121 = 0 γ
12
2 = 1 γ
13
1 = 1 γ
13
2 = 0
3 = γ141 2 + γ
14
2 2
2
(115)
Case 6-20. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 1, γ
5
1 = 0,
γ52 = 1, and γ
5
3 = 0. By Eqs.(96), we have

β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0 γ
9
1 = γ
9
2 = 1 γ
9
3 = 0
γ101 = γ
10
2 = 1 γ
10
3 = 0 γ
11
1 = 0 γ
11
2 = 1 γ
11
3 = 0
3 = γ121 2 + γ
12
2 2
2
(116)
Case 6-21. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1 and
γ52 = γ
5
3 = 0. By Eqs.(96), we get

β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0 γ
9
1 = 1 γ
9
2 = γ
9
3 = 0
γ101 = 0 γ
10
2 = 1 γ
10
3 = 0
1 = γ111 2 + γ
11
2 2
2 + γ113 2
3
(117)
Case 6-22. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1
and γ52 = γ
5
3 = 0. By Eqs.(96), we get

β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3
(118)
Case 6-23. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 0, γ
5
1 = 1, and
γ52 = γ
5
3 = 0. By Eqs.(96), we have

β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3
(119)
Case 6-24. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 1, γ
5
1 = 0,
γ52 = 1 and γ
5
3 = 0. By Eqs.(96), we have

β6 = γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
β8 = γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0 γ
9
1 = 0 γ
9
2 = 1 γ
9
3 = 0
5 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(120)
30
Case 6-25. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1 and
γ52 = γ
5
3 = 0. By Eqs.(96), we get

β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
1 = γ912 + γ
9
22
2 + γ932
3
(121)
Case 6-26. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1 and
γ52 = γ
5
3 = 0. By Eqs.(96), we get

β6 = 1 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = 0 γ
7
1 = 1 γ
7
2 = 0 γ
7
3 = 0
β8 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
1 = γ912 + γ
9
22
2 + γ932
3
(122)
Case 6-27. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 0, γ
5
1 = 1 and
γ52 = γ
5
3 = 0. By Eqs.(96), we obtain

β6 = γ
6
1 = γ
6
2 = 1 γ
6
3 = 0 β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = γ
8
1 = γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3
(123)
Case 6-28. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 1, γ
5
1 = 0, γ
5
2 = 1, and
γ53 = 0. By Eqs.(96), we obtain

β6 = 0 γ
6
1 = γ
6
2 = 1 γ
6
3 = 0 β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
5 = γ912 + γ
9
22
2 + γ932
3
1 + β8 + β6 + 2 + γ
9
1 + γ
8
2 + γ
7
3 = γ
10
1 2 + γ
10
2 2
2 + γ103 2
3
(124)
Case 6-29. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1, α4 = β4 = γ
4
1 = 0 γ
4
2 = 1, α5 = 0, β5 = 1, γ
5
1 = 0, γ
5
2 = 1 and
γ53 = 0. By Eqs.(96), we have

β6 = 0 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0 γ
9
1 = 1 γ
9
2 = γ
9
3 = 0
3 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(125)
Case 6-30. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1, α4 = β4 = γ
4
1 = 0 γ
4
2 = 1, α5 = 1, β5 = 0, γ
5
1 = 0, γ
5
2 = 1 and
γ53 = 0. By Eqs.(96), we have

β6 = 0 γ
6
1 = 0 γ
6
2 = 1 γ
6
3 = 0 β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
β8 = γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0 γ
9
1 = 1 γ
9
2 = γ
9
3 = 0
3 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(126)
31
Case 6-31. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1 α4 = β4 = γ
4
1 = γ
4
2 = 1, α5 = β5 = 0, γ
5
1 = γ
5
2 = 1, and γ
5
3 = 0.
By Eqs.(96), we get


β6 = 0 γ
6
1 = γ
6
2 = 1 γ
6
3 = 0 β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
β8 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0 γ
9
1 = 0 γ
9
2 = 1 γ
9
3 = 0
γ101 = 0 γ
10
2 = 1 γ
10
3 = 0
3 = γ111 2 + γ
11
2 2
2 + γ113 2
3
(127)
Case 6-32. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1 α4 = β4 = γ
4
1 = γ
4
2 = 1, α5 = β5 = 1, γ
5
1 = γ
5
2 = 0, and γ
5
3 = 1.
By Eqs.(96), we get

β6 = 1 γ
6
1 = γ
6
2 = 0 γ
6
3 = 1 β7 = γ
7
1 = γ
7
2 = 1 γ
7
3 = 0
β8 = γ
8
1 = 1 γ
8
2 = 0 γ
8
3 = 1 γ
9
1 = 1 γ
9
2 = 0 γ
9
3 = 1
7 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(128)
Case 7. (m,n) = (7, 8), the equations satisfied by variables αi(i = 1, 2, 3, 4, 5, 6)
and βj(j = 1, 2, · · · , 7) are given by

β1 + α1 = γ
1
12
β2 + α1β1 + α2 + γ
1
1 = γ
2
12 + γ
2
22
2
β3 + α1β2 + α2β1 + α3 + γ
2
1 = γ
3
12 + γ
3
22
2
β4 + α1β3 + α2β2 + α3β1 + α4 + γ
3
1 + γ
2
2 = γ
4
12 + γ
4
22
2
β5 +
4∑
i=1
αiβ5−i + α5 + γ
4
1 + γ
3
2 = γ
5
12 + γ
5
22
2 + γ532
3
β6 +
5∑
i=1
αiβ6−i + α6 + γ
5
1 + γ
4
2 = γ
6
12 + γ
6
22
2 + γ632
3
β7 +
6∑
i=1
αiβ7−i + 1 + γ
6
1 + γ
5
2 = γ
7
12 + γ
7
22
2 + γ732
3
1 +
6∑
i=1
αiβ8−i + β1 + γ
7
1 + γ
6
2 + γ
5
3 = γ
8
12 + γ
8
22
2 + γ832
3
α1 +
6∑
i=2
αiβ9−i + β2 + γ
8
1 + γ
7
2 + γ
6
3 = γ
9
12 + γ
9
22
2 + γ932
3
α2 +
6∑
i=3
αiβ10−i + β3 + γ
9
1 + γ
8
2 + γ
7
3 = γ
10
1 2 + γ
10
2 2
2 + γ103 2
3
α3 +
6∑
i=4
αiβ11−i + β4 + γ
10
1 + γ
9
2 + γ
8
3 = γ
11
1 2 + γ
11
2 2
2 + γ113 2
3
α4 + α5β7 + α6β6 + β5 + γ
11
1 + γ
10
2 + γ
9
3 = γ
12
1 2 + γ
12
2 2
2
α5 + α6β7 + β6 + γ
12
1 + γ
11
2 + γ
10
3 = γ
13
1 2 + γ
13
2 2
2
α6 + β7 + γ
13
1 + γ
12
2 + γ
11
3 = γ
14
1 2 + γ
14
2 2
2
1 + γ141 + γ
13
2 = γ
15
1 2
γ151 + γ
14
2 = 1
(129)
There are sixty-four cases.
32
Case 7-1. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 =
γ31 = γ
3
2 = 0, α4 = β4 = γ
4
1 = γ
4
2 = 0, α5 = β5 = γ
5
1 = γ
5
2 = γ
5
3 = 0 and
α6 = β6 = γ
6
1 = γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we get{
β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
1 = γ912 + γ
9
22
2 + γ932
3 (130)
Case 7-2. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = γ
3
2 =
0, α4 = β4 = γ
4
1 = γ
4
2 = 0, α5 = β5 = γ
5
1 = γ
5
2 = γ
5
3 = 0, α6 = β6 = γ
6
1 = 1 and
γ62 = γ
6
3 = 0. In this case, by Eqs.(129), we get{
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
1 = γ912 + γ
9
22
2 + γ932
3 (131)
Case 7-3. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = γ
3
2 =
0, α4 = β4 = γ
4
1 = γ
4
2 = 0, α5 = β5 = γ
5
1 = 1, γ
5
2 = γ
5
3 = 0, α6 = 0, β6 = γ
6
1 = 1
and γ62 = γ
6
3 = 0. In this case, by Eqs.(129), we get{
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
1 = γ912 + γ
9
22
2 + γ932
3 (132)
Case 7-4. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 =
γ32 = 0, α4 = β4 = γ
4
1 = γ
4
2 = 0, α5 = β5 = γ
5
1 = 1,γ
5
2 = γ
5
3 = 0, α6 = 1, β6 = 0,
γ61 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we get{
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
1 = γ912 + γ
9
22
2 + γ932
3 (133)
Case 7-5. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 =
γ32 = 0, α4 = β4 = γ
4
1 = 1, γ
4
2 = 0. α5 = 0, β5 = γ
5
1 = 1, γ
5
2 = γ
5
3 = 0, α6 = 0,
β6 = γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we have

β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
γ91 = 1 γ
9
2 = γ
9
3 = 0 γ
10
1 = 1 γ
10
2 = γ
10
3 = 0
γ111 = 1 γ
11
2 = γ
11
3 = 0
3 = γ121 2 + γ
12
2 2
2
(134)
Case 7-6. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 =
γ32 = 0, α4 = β4 = γ
4
1 = 1, γ
4
2 = 0. α5 = 0, β5 = γ
5
1 = 1, γ
5
2 = γ
5
3 = 0, α6 = 1,
β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we have

β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
γ91 = 1 γ
9
2 = γ
9
3 = 0 γ
10
1 = 1 γ
10
2 = γ
10
3 = 0
3 = γ111 2 + γ
11
2 2
2 + γ113 2
3
(135)
Case 7-7. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = γ
3
2 =
0, α4 = β4 = γ
4
1 = 1, γ
4
2 = 0. α5 = 1, β5 = 0, γ
5
1 = 1, γ
5
2 = γ
5
3 = 0, α6 = 0,
β6 = γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we have

β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
γ91 = 1 γ
9
2 = γ
9
3 = 0 γ
10
1 = 1 γ
10
2 = γ
10
3 = 0
3 = γ111 2 + γ
11
2 2
2 + γ113 2
3
(136)
33
Case 7-8. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = γ
3
2 =
0, α4 = β4 = γ
4
1 = 1, γ
4
2 = 0. α5 = 1, β5 = 0, γ
5
1 = 1, γ
5
2 = γ
5
3 = 0, α6 = 1,
β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we have{
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
3 = γ812 + γ
8
22
2 + γ832
3 (137)
Case 7-9. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 0, β4 = γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we have

β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
7
1 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
γ91 = 1 γ
9
2 = γ
9
3 = 0
3 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(138)
Case 7-10. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 0, β4 = γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = β6 = 1, γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. In this case, by Eqs.(129), we have{
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3 (139)
Case 7-11. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 0, β4 = γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we have{
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3 (140)
Case 7-12. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 0, β4 = γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = β6 = 1, γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. In this case, by Eqs.(129), we have{
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
7
1 = 1 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3 (141)
Case 7-13. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 1, β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we have{
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3 (142)
Case 7-14. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 1, β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 0, α6 = β6 = 1, γ
6
1 = 0, γ
6
2 = 1
and γ63 = 0. In this case, by Eqs.(129), we have{
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3 (143)
34
Case 7-15. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 1, β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we obtain

β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
γ91 = 1 γ
9
2 = γ
9
3 = 0
3 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(144)
Case 7-16. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = γ
2
2 = 0, α3 = β3 = γ
3
1 = 1,
γ32 = 0, α4 = 1, β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = β6 = 1, γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. In this case, by Eqs.(129), we obtain{
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
1 = γ912 + γ
9
22
2 + γ932
3 (145)
Case 7-17. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = 0, β6 = γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129),
we have {
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
3 = γ812 + γ
8
22
2 + γ832
3 (146)
Case 7-18. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = 1, β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by
Eqs.(129), we have {
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
3 = γ812 + γ
8
22
2 + γ832
3 (147)
Case 7-19. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = β5 = 1, γ
5
1 = 0, γ
5
2 = 1,
γ53 = 0 and α6 = β6 = γ
6
1 = γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we have{
β7 = 0 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
1 = γ812 + γ
8
22
2 + γ832
3 (148)
Case 7-20. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = β5 = 1, γ
5
1 = 0, γ
5
2 = 1,
γ53 = 0, α6 = β6 = γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we have{
β7 = γ
7
1 = γ
7
2 = 1 γ
7
3 = 0
5 = γ812 + γ
8
22
2 + γ832
3 (149)
Case 7-21. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = 0, β5 = 1, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. In this case, by Eqs.(129),
we get {
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
3 = γ812 + γ
8
22
2 + γ832
3 (150)
35
Case 7-22. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = 0, β5 = 1, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = γ
6
1 = γ
6
2 = 1 and γ
6
3 = 0. In this case, by Eqs.(129), we
get {
β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
5 = γ812 + γ
8
22
2 + γ832
3 (151)
Case 7-23. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = 1, β5 = 0, γ
5
1 = 1.
γ52 = γ
5
3 = 0, α6 = β6 = γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. In this case, by Eqs.(129),
we get {
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
3 = γ812 + γ
8
22
2 + γ832
3 (152)
Case 7-24. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = 1, β5 = 0, γ
5
1 = 1.
γ52 = γ
5
3 = 0, α6 = β6 = γ
6
1 = γ
6
2 = 1 and γ
6
3 = 0. In this case, by Eqs.(129), we
get {
β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
5 = γ812 + γ
8
22
2 + γ832
3 (153)
Case 7-25. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = β5 = 0, γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = 0, β6 = γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we obtain{
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
3 = γ812 + γ
8
22
2 + γ832
3 (154)
Case 7-26. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = β5 = 0, γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = 1, β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we obtain{
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
3 = γ812 + γ
8
22
2 + γ832
3 (155)
Case 7-27. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = β5 = 1, γ
5
1 = 0, γ
5
2 = 1,
γ53 = 0 and α6 = β6 = γ
6
1 = γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we obtain{
β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = 1 γ
8
2 = γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3 (156)
Case 7-28. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = β5 = 1, γ
5
1 = 0, γ
5
2 = 1,
γ53 = 0, α6 = β6 = γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129), we
obtain {
β7 = γ
7
1 = γ
7
2 = 1 γ
7
3 = 0
5 = γ812 + γ
8
22
2 + γ832
3 (157)
36
Case 7-29. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = 0, β5 = γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = β6 = γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0.In this case, by Eqs.(129), we get

β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
γ91 = 0 γ
9
2 = 1 γ
9
3 = 0
3 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(158)
Case 7-30. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = 0, β5 = γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = β6 = γ
6
1 = γ
6
2 = 1 and γ
6
3 = 0.In this case, by Eqs.(129), we get{
β7 = 0 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
7
1 = 0 γ
8
1 = γ
8
2 = 1 γ
8
3 = 0
5 = γ912 + γ
9
22
2 + γ932
3 (159)
Case 7-31. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = 1, β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0.In this case, by Eqs.(129),
we get {
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
3 = γ812 + γ
8
22
2 + γ832
3 (160)
Case 7-32. α1 = β1 = γ
1
1 = 0, α2 = β2 = γ
2
1 = 1, γ
2
2 = 0, α3 = 1, β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = 1, β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = γ
6
1 = γ
6
2 = 1 and γ
6
3 = 0.In this case, by Eqs.(129), we
get {
β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
5 = γ812 + γ
8
22
2 + γ832
3 (161)
Case 7-33. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1, and
γ52 = γ
5
3 = 0, α6 = β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129),
we have {
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
3 = γ812 + γ
8
22
2 + γ832
3 (162)
Case 7-34. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1,
and γ52 = γ
5
3 = 0, α6 = β6 = 1, γ
6
1 = 0, γ
6
2 = 1, and γ
6
3 = 0. In this case, by
Eqs.(129), we have{
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3 (163)
Case 7-35. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. In this case, by Eqs.(129),
we have {
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
1 = γ912 + γ
9
22
2 + γ932
3 (164)
37
Case 7-36. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = 1, γ
6
1 = 0, γ
6
2 = 1, and γ
6
3 = 0. In this case, by
Eqs.(129), we have {
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
5 = γ812 + γ
8
22
2 + γ832
3 (165)
Case 7-37. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. By Eqs.(129), we have

β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
γ91 = 1 γ
9
2 = γ
9
3 = 0 γ
10
1 = 1 γ
10
2 γ
10
3 = 0
3 = γ111 2 + γ
11
2 2
2 + γ113 2
3
(166)
Case 7-38. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = 1, γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we have{
β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3 (167)
Case 7-39. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 1, γ
5
1 = 0,
γ52 = 1, γ
5
3 = 0, α6 = 0, β6 = 1, γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we
have {
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = γ
8
2 = 1 γ
8
3 = 0
5 = γ912 + γ
9
22
2 + γ932
3 (168)
Case 7-40. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 0,
β3 = 1, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 1, γ
5
1 = 0,
γ52 = 1, γ
5
3 = 0, α6 = 1, β6 = γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we have

β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = γ
8
2 = 1 γ
8
3 = 0
γ91 = γ
9
2 = 1 γ
9
3 = 0 γ
10
1 = 0 γ
10
2 = 1 γ
10
3 = 0
3 = γ111 2 + γ
11
2 2
2 + γ113 2
3
(169)
Case 7-41. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. By Eqs.(129), we get{
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
1 = γ912 + γ
9
22
2 + γ932
3 (170)
Case 7-42. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = 1, γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we get{
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
5 = γ812 + γ
8
22
2 + γ832
3 (171)
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Case 7-43. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. By Eqs.(129), we get{
β7 = 0 γ
7
1 = 1 γ
7
2 = γ
7
3 = 0
3 = γ812 + γ
8
22
2 + γ832
3 (172)
Case 7-44. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = 1, γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we get

β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
γ81 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3
(173)
Case 6-45. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. By Eqs.(129), we have

β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
γ91 = 1 γ
9
2 = γ
9
3 = 0
3 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(174)
Case 6-46. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = 1, γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we have{
β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = 0 γ
8
2 = 1 γ
8
3 = 0
3 = γ912 + γ
9
22
2 + γ932
3 (175)
Case 7-47. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 1, γ
5
1 = 0,
γ52 = 1, γ
5
3 = 0, α6 = β6 = γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we have{
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = γ
8
2 = 1 γ
8
3 = 0
5 = γ912 + γ
9
22
2 + γ932
3 (176)
Case 7-48. α1 = β1 = γ
1
1 = 1, α2 = β2 = 0, γ
2
1 = 1, γ
2
2 = 0, α3 = 1,
β3 = 0, γ
3
1 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 1, γ
5
1 = 0,
γ52 = 1, γ
5
3 = 0, α6 = β6 = γ
6
1 = γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we have

β7 = 0 γ
7
1 = γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = γ
8
2 = 1 γ
8
3 = 0
γ91 = γ
9
2 = 1 γ
9
3 = 0
5 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(177)
Case 7-49. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. By Eqs.(129), we get{
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
3 = γ812 + γ
8
22
2 + γ832
3 (178)
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Case 7-50. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 0, β5 = γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = β6 = 1, γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we get

β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
5 = γ812 + γ
8
22
2 + γ832
3
γ151 + γ
14
2 = 1
(179)
Case 7-51. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = 0, γ
6
1 = 1 and γ
6
2 = γ
6
3 = 0. By Eqs.(129), we get{
β7 = 1 γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
3 = γ812 + γ
8
22
2 + γ832
3 (180)
Case 7-52. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 0, γ
4
1 = 1, γ
4
2 = 0, α5 = 1, β5 = 0, γ
5
1 = 1,
γ52 = γ
5
3 = 0, α6 = β6 = 1, γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we get{
β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
5 = γ812 + γ
8
22
2 + γ832
3 (181)
Case 7-53. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 0, γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = β6 = γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we obtain

β7 = γ
7
1 = 1 γ
7
2 = γ
7
3 = 0 γ
8
1 = γ
8
2 = 1 γ
8
3 = 0
γ91 = 0 γ
9
2 = 1 γ
9
3 = 0 γ
10
1 = 1 γ
10
2 = γ
10
3 = 0
γ111 = 0 γ
11
2 = 1 γ
11
3 = 0
1 = γ121 2 + γ
12
2 2
2
(182)
Case 7-54. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 0, γ
5
1 = 1, γ
5
2 = γ
5
3 = 0,
α6 = β6 = γ
6
1 = γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we obtain

β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = γ
8
2 = 1 γ
8
3 = 0
γ91 = 0 γ
9
2 = 1 γ
9
3 = 0 γ
10
1 = 0 γ
10
2 = 1 γ
10
3 = 0
γ111 = 1 γ
11
2 = γ
11
3 = 0 γ
12
1 = 0 γ
12
2 = 1
1 = γ131 2 + γ
13
2 2
2
(183)
Case 7-55. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 1, γ
5
1 = 0, γ
5
2 = 1,
γ53 = 0, α6 = 0, β6 = γ
6
1 = γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we obtain

β7 = 0 γ
7
1 = γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = γ
8
2 = 1 γ
8
3 = 0
γ91 = γ
9
2 = 1 γ
9
3 = 0
5 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(184)
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Case 7-56. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 0,
γ31 = 1, γ
3
2 = 0, α4 = β4 = 1, γ
4
1 = 0, γ
4
2 = 1, α5 = β5 = 1, γ
5
1 = 0, γ
5
2 = 1,
γ53 = 0, α6 = 1, β6 = 0, γ
6
1 = γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we obtain

β7 = 0 γ
7
1 = γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = γ
8
2 = 1 γ
8
3 = 0
γ91 = γ
9
2 = 1 γ
9
3 = 0
5 = γ101 2 + γ
10
2 2
2 + γ103 2
3
(185)
Case 7-57. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1, α4 = β4 = γ
4
1 = 0 γ
4
2 = 1, α5 = 0, β5 = 1, γ
5
1 = 0, γ
5
2 = 1,
γ53 = 0, α6 = 0, β6 = 1, γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we have{
β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 = 0
5 = γ812 + γ
8
22
2 + γ832
3 (186)
Case 7-58. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1, α4 = β4 = γ
4
1 = 0 γ
4
2 = 1, α5 = 0, β5 = 1, γ
5
1 = 0, γ
5
2 = 1,
γ53 = 0, α6 = 1, β6 = γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we have{
β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 − 0
5 = γ812 + γ
8
22
2 + γ832
3 (187)
Case 7-59. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1, α4 = β4 = γ
4
1 = 0 γ
4
2 = 1, α5 = 1, β5 = 0, γ
5
1 = 0, γ
5
2 = 1,
γ53 = 0, α6 = 0, β6 = 1, γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we have{
β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 − 0
5 = γ812 + γ
8
22
2 + γ832
3 (188)
Case 7-60. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1, α4 = β4 = γ
4
1 = 0 γ
4
2 = 1, α5 = 1, β5 = 0, γ
5
1 = 0, γ
5
2 = 1,
γ53 = 0, α6 = 1, β6 = γ
6
1 = 0, γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we have{
β7 = γ
7
1 = 0 γ
7
2 = 1 γ
7
3 − 0
5 = γ812 + γ
8
22
2 + γ832
3 (189)
Case 7-61. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1 α4 = β4 = γ
4
1 = γ
4
2 = 1, α5 = β5 = 0, γ
5
1 = γ
5
2 = 1, γ
5
3 = 0,
α6 = 0, β6 = γ
6
1 = γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we get{
β7 = γ
7
1 = γ
7
2 = 1 γ
7
3 = 0
7 = γ812 + γ
8
22
2 + γ832
3 (190)
Case 7-62. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1 α4 = β4 = γ
4
1 = γ
4
2 = 1, α5 = β5 = 0, γ
5
1 = γ
5
2 = 1, γ
5
3 = 0,
α6 = 1, β6 = 0, γ
6
1 = γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we get{
β7 = γ
7
1 = γ
7
2 = 1 γ
7
3 = 0 γ
8
1 = γ
8
2 = 0 γ
8
3 = 1
5 = γ912 + γ
9
22
2 + γ932
3 (191)
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Case 7-63. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1 α4 = β4 = γ
4
1 = γ
4
2 = 1, α5 = β5 = 1, γ
5
1 = γ
5
2 = 0, γ
5
3 = 1,
α6 = β6 = 0, γ
6
1 = γ
6
2 = 1 and γ
6
3 = 0. By Eqs.(129), we get{
β7 = γ
7
1 = γ
7
2 = 1 γ
7
3 = 0
9 = γ812 + γ
8
22
2 + γ832
3 (192)
Case 7-64. α1 = β1 = γ
1
1 = 1, α2 = β2 = 1, γ
2
1 = 0, γ
2
2 = 1, α3 = β3 = 1,
γ31 = 0, γ
3
2 = 1 α4 = β4 = γ
4
1 = γ
4
2 = 1, α5 = β5 = 1, γ
5
1 = γ
5
2 = 0, γ
5
3 = 1,
α6 = β6 = 1, γ
6
1 = γ
6
2 = 0 and γ
6
3 = 1. By Eqs.(129), we get{
β7 = 0 γ
7
1 = γ
7
2 = 1 γ
7
3 = 0
7 = γ812 + γ
8
22
2 + γ832
3 (193)
Example 3 is simple. However, two meaningful conclusions can be obtained
from example 3, Eqs.(22), Eqs.(23), Eqs.(28), Eqs.(29) and Eqs.(30).
(1) Because of the constraint conditions αi = 1 or 0 (i = 1, 2, · · · ,m − 1)
and βj = 1 or 0 (j = 1, 2, · · · , n− 1), the systems of the multivariate quadratic
equations (22), (23), (28), (29) and (30) become the system of the linear equa-
tions. Each of the first m − 1 equations of Amn can be transformed into the
following form of linear equation
α+ β + ε00 +
k−1∑
i=1
ε0i 2
i + 2k = γ0 +
h∑
j=1
σj2
j
where α, β and σj(j = 1, 2, · · · , h) are unknown, and ε00, ε0i (i = 1, 2, · · · , k0)
and γ0 are known. Each of the intermediate n − m equations of Amn can
be transformed into the following form of linear equation and Eqs.(30) can be
transformed into the following form of linear equation
β + ε00 +
k−1∑
i=1
ε0i 2
i + 2k = γ0 +
h∑
j=1
σj2
j
Each of the finally m+1 equations of Amn can be transformed into the following
form of linear equation
ε00 +
k−1∑
i=1
ε0i 2
i + 2k = γ0 +
h∑
j=1
σj2
j
(2) The first equation of A2(N−2), A3(N−3), · · ·, A[N2 ](N−[N2 ]), A2(N−3),
A3(N−4), · · ·, and A[N−12 ](N−1−[N−12 ]) is the same. The first two equations of
A3(N−3), A4(N−4), · · ·, A[N2 ](N−[N2 ]), A3(N−4), A4(N−5), · · ·, andA[N−12 ](N−1−[N−12 ])
are the same. In general, the first k − 1 equations of Ak(N−k), A(k+1)(N−k−1),
· · ·, A[N2 ](N−[N2 ]), Ak(N−k−1), A(k+1)(N−k−2), · · ·, and A[N−12 ](N−1−[N−12 ]) are
the same.
42
Next, we shall give solutions of the above three equations. It is not hard to
prove the following Lemma and three theorems.
Lemma 3. η+
k−1∑
i=1
ηi2
i+2k = σ+
h−1∑
j=1
σj2
j +2h if only if k = h, η = σ and
ηi = σi(i = 1, 2, · · · , k − 1).
Theorem 3. Suppose that k ≤ h and
α+ β + ε00 +
k−1∑
i=1
ε0i 2
i + 2k = γ0 +
h∑
j=1
σj2
j (194)
the following results hold.
(1). If ε00 = γ0, Eq.(194) is equivalent to the following two equations

α+ β = σ2
σ + ε01 +
k−1∑
i=2
ε0i 2
i−1 + 2k−1 = σ1 +
h∑
j=2
σj2
j−1 (195)
The equation α+ β = σ2 has two solutions α = β = σ = 0 and α = β = σ = 1.
1A If α = β = σ = 0, then σi = ε
0
i (i = 1, 2, · · · , k − 1), σk = 1 and
γi = 0(i = k + 1, k + 2, · · · , h).
1B If α = β = σ = 1 and ε01 = 0, then γ1 = 1, σi = ε
0
i (i = 2, 3, · · · , k − 1),
σk = 1 and γi = 0(i = k + 1, k + 2, · · · , h).
1C If α = β = σ = 1, ε01 = ε
0
2 = · · · = ε0i0 = 1(with i0 ≤ k−1) and ε0i0+1 = 0,
then σi = 0(i = 1, 2, · · · , i0), σ0i0+1 = 1, σi = ε0i (i = i0 + 2, i0 + 3, · · · , k − 1),
σk = 1 and σi = 0(i = k + 1, k + 2, · · · , h).
(2). If ε00 = 0 and σ0 = 1, Eq.(194) is equivalent to the following two
equations 

α+ β = 1
k−1∑
i=1
ε0i 2
i + 2k =
h∑
j=1
σj2
j (196)
In this case, we have σi = ε
0
i (i = 1, 2, · · · , k − 1), σk = 1 and σi = 0(i =
k + 1, k + 2, · · · , h).
(3). If ε00 = 1 and γ0 = 0, Eq.(194) is equivalent to the following two
equations 

α+ β = 1
2 +
k−1∑
i=1
ε0i 2
i + 2k =
h∑
j=1
σj2
j (197)
3A If ε01 = 0, then the solution of Eq.(194) is σ = 1, σi = ε
0
i (i = 2, 3, · · · , k−
1), σk = 1 and γi = 0(i = k + 1, k + 2, · · · , h).
3B If ε01 = ε
0
2 = · · · = ε0i0 = 1(with i0 ≤ k − 1) and ε0i0+1 = 0, then
σi = 0(i = 1, 2, · · · , i0), σ0i0+1 = 1, σi = ε0i (i = i0 + 2, i0 + 3, · · · , k − 1), σk = 1
and σi = 0(i = k + 1, k + 2, · · · , h).
Theorem 4. Suppose that k ≤ h and
β + ε00 +
k−1∑
i=1
ε0i 2
i + 2k = γ0 +
h∑
j=1
σj2
j (198)
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the following results hold.
(1). If ε00 = γ0, then β = 0, σi = ε
0
i (i = 1, 2, · · · , k − 1), σk = 1 and
σi = 0(i = k + 1, k + 2, · · · , h).
(2). If ε00 = 0 and γ0 = 1, then β = 1, σi = ε
0
i (i = 1, 2, · · · , k − 1), σk = 1
and σi = 0(i = k + 1, k + 2, · · · , h).
(3). If ε00 = 1 and γ0 = 0, then β = 1.
A If ε01 = 0, then γ1 = 1, σi = ε
0
i (i = 2, 3, · · · , k − 1), σk = 1 and σi = 0(i =
k + 1, k + 2, · · · , h).
B If ε01 = ε
0
2 = · · · = ε0i0 = 1(with i0 ≤ k − 2) and ε0i0+1 = 0, then
σi = 0(i = 1, 2, · · · , i0), σ0i0+1 = 1, γi = ε0i (i = i0 + 2, i0 + 3, · · · , k − 1), σk = 1
and σi = 0(i = k + 1, k + 2, · · · , h).
C If ε01 = ε
0
2 = · · · = ε0k−1 = 1, then σi = 0(i = 1, 2, · · · , k), σk+1 = 1 and
σi = 0(i = k + 2, k + 3, · · · , h).
Theorem 5. Let k ≤ h, the sufficient and necessary condition that the
equation ε00 +
k−1∑
i=1
ε0i 2
i + 2k = γ0 +
h∑
j=1
σj2
j has solution is ε00 = γ0. If ε
0
0 = γ0,
then σi = ε
0
i (i = 1, 2, · · · , k − 1), σk = 1 and σi = 0(i = k + 1, k + 2, · · · , h).
From Theorem 3, for anym, each of the firstm−1 equations of Amn has two
solutions, so we have 2m−1 cases. Each of the intermediate n−m equations of
Amn has only a unique solution. In the finally m+1 equations of the equations
Amn, some have solutions and some have no solutions, once there is one that
has no solution, then in this case, Amn has no solution. For example, the last
equations in Eqs.(80)-(95) and Eqs.(130)-(193) have no solution.
3 Conclusion
In this paper, a large number decomposition method is proposed. This method
is simple, and its key is to solve three linear equations, their solutions are given
in Theorem 3, Theorem 4 and Theorem 5, respectively. The advantage of the
method is that we do not need to know any prime number, but only solve some
linear equations.
The number of the four arithmetic operations to decompose a number by
the method given in this paper can be easily estimated. The number of division
operations required to represent a number as a binary number is N(with N ≤
log2M). We need to solve 2[
N
2 ] + 2[
N−1
2 ] − 2 systems of linear equations, and
there are N linear equations in each system of linear equations. The number of
multiplication operations needed to solve a single linear equation are not more
than N2 , the number of addition operations is not more than
N
2 , and the number
of division operations is not more than N . The number of the four arithmetic
operations of solving a single system of linear equations is not more than 2N2.
Therefore, the number of the four arithmetic operations to decompose a number
M into the product of two numbers is not more than
2N2
(
2[
N
2 ] + 2[
N−1
2 ] − 2
)
+N ≤ 4N2
(
2[
N
2 ] − 1
)
+N ≤ 4(
√
M−1) (log2M)2+log2M
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An interesting open problem is whether the necessary and sufficient condition
that the equations that Amn has solution can be found, such condition should
be expressed by known γi(i = 1, 2, · · · , N − 1).
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